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Abstract
We study Finsler black holes induced from Einstein gravity as pos-
sible effects of quantum spacetime noncommutativity. Such Finsler
models are defined by nonholonomic frames not on tangent bundles
but on (pseudo) Riemannian manifolds being compatible with stan-
dard theories of physics. We focus on noncommutative deformations
of Schwarzschild metrics into locally anisotropic stationary ones with
spherical/rotoid symmetry. There are derived the conditions when
black hole configurations can be extracted from two classes of exact
solutions depending on noncommutative parameters. The first class of
metrics is defined by nonholonomic deformations of the gravitational
vacuum by noncommutative geometry. The second class of such so-
lutions is induced by noncommutative matter fields and/or effective
polarizations of cosmological constants.
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1 Introduction
The study of noncommutative black holes is an active topic in both grav-
ity physics and modern geometry, see Ref. [1] for a recent review of results.
Noncommutative geometry, quantum gravity and string/brane theory ap-
pear to be connected strongly in low energy limits. We can model physical
effects in such theories using deformations on noncommutative parameters
of some classes of exact and physically important solutions in general rela-
tivity.
There were elaborated different approaches to quantum field theory (in-
cluding gauge and gravity models) on noncommutative spaces using, for
instance, the simplest example of a Moyal–Weyl spacetime, with and with-
out Seiberg–Witten maps and various applications in cosmology and black
hole physics, see [2, 3, 4, 5] and references therein. Our constructions are
based on the nonlinear connection formalism and Finsler geometry methods
in commutative and noncommutative geometry [6, 7]. They were applied to
generalized Seiberg–Witten theories derived for the Einstein gravity equiva-
lently reformulated (at classical level, using nonholonomic constraints) and/
2
or generalized as certain models of Poincare´ de Sitter gauge gravity [8],
see also extensions to nonholonomic (super) gravity/string gravity theories
and [9]. Here we note that there were also elaborated different models of
noncommutative gauge gravity model [10, 11, 12, 13, 14, 15, 16] based on
generalizations of some commutative/ complex/ nonsymmetric gravity mod-
els. Our approach was oriented to unify the constructions on commutative
and noncommutative gravity theories in the language of geometry of non-
holonomic manifolds/ bundle spaces1.
In Ref. [17], following the so–called anholonomic frame method (see
recent reviews [18, 19]), we provided the first examples of black hole/ ellip-
soid/ toroidal solutions in noncommutative and/or nonholonomic variables
in Einstein gravity and gauge and string gravity generalizations. The bulk
of metrics for noncommutative black holes reviewed in [1] can be included as
certain holonomic (non) commutative configurations of nonholonomic solu-
tions which provide additional arguments that a series of important physical
effects for noncommutative black holes can be derived by using nonholo-
nomic and/ or noncommutative deformations of well known solutions in
general relativity.
In this article, we study two classes of Finsler type black hole solutions,
with zero and non–zero matter field sources/ cosmological constant, induced
by noncommutative anholonomic variables2 in Einstein gravity. Especially,
we wish to point out that such nonholonomic configurations may ”survive”
even in the classical (commutative) limits and that Finsler type variables
can be considered both in noncommutative gravity (defining complex non-
holonomic distributions) and in Einstein gravity (stating some classes of real
nonholonomic distributions).
The content of this work is as follows. In section 2 we outline the geome-
try of complex nonholonomic distributions defining noncommutative gravity
models. Section 3 is devoted to a generalization of the anholonomic frame
method for constructing exact solutions with noncommutative parameter.
There are formulated the conditions when such solutions define effective
off–diagonal metrics in Einstein gravity. We analyze noncommutative non-
holonomic deformations of Schwarzschild spacetimes in section 4 (being con-
sidered vacuum configurations, with nontrivial matter sources and with non-
1In modern geometry and applications to physics and mechanics, there are used also
equivalent terms like anholonomic and non–integrable manifolds; for our purposes, it is
convenient to use all such terms. A pair (V,N ), where V is a manifold and N is a
nonintegrable distribution on V, is called a nonholonomic manifold.
2let us say to be defined by certain quantum corrections in quasi–classical limits of
quantum gravity models
3
commutative ellipsoidal symmetries). In section 5 we provide a procedure
of extracting black hole and rotoid configurations for small noncommuta-
tive parameters. We show how (non) commutative gravity models can be
described using Finsler variables. Finally, in section 6 there are formulated
the conclusions of this work.
2 Complex Nonholonomic Distributions and Non-
commutative Gravity Models
There exist many formulations of noncommutative geometry/gravity
based on nonlocal deformation of spacetime and field theories starting from
noncommutative relations of type
uαuβ − uβuα = iθαβ, (1)
where uα are local spacetime coordinates, i is the imaginary unity, i2 = −1,
and θαβ is an anti–symmetric second–rank tensor (which, for simplicity,
for certain models, is taken to be with constant coefficients). Following
our unified approach to (pseudo) Riemannian and Finsler–Lagrange spaces
[19, 17, 6] (using the geometry of nonholonomic manifolds) we consider that
for θαβ → 0 the local coordinates uα are on a four dimensional (4-d) non-
holonomic manifold V of necessary smooth class. Such spacetimes can be
enabled with a conventional 2 + 2 splitting (defined by a nonholonomic,
equivalently, anholonomic/ non–integrable real distribution), when local co-
ordinates u = (x, y) on an open region U ⊂ V are labelled in the form
uα = (xi, ya), with indices of type i, j, k, ... = 1, 2 and a, b, c... = 3, 4. The
coefficients of tensor like objects on V can be computed with respect to a
general (non–coordinate) local basis eα = (ei, ea).
3
For our purposes, we consider a subclass of nonholonomic manifolds V,
called N–anholononomic spaces (spacetimes, for corresponding signatures),
enabled with a nonintegrable distribution stating a conventional horizontal
(h) space, (hV) , and vertical (v) space, (vV) ,
TV = hV ⊕ vV (2)
3If V = TM is the total space of a tangent bundle (TM, π,M) on a two dimensional
(2–d) base manifold M, the values xi and ya are respectively the base coordinates (on
a low–dimensional space/ spacetime) and fiber coordinates (velocity like). Alternatively,
we can consider that V = V is a 4–d nonholonomic manifold (in particular, a pseudo–
Riemannian one) with local fibered structure.
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which by definition determines a nonlinear connection (N–connection) struc-
tureN = Nai (u)dx
i⊗dya, see details in [22, 23, 19, 17, 6]. On a commutative
V, any (prime) metric g = gαβe
a ⊗ eβ (a Schwarzschild, ellipsoid, ring or
other type solution, their conformal transforms and nonholonomic deforma-
tions which, in general, are not solutions of the Einstein equations) can be
parametrized in the form
g = gi(u)dx
i ⊗ dxi + ha(u)ea ⊗ ea, (3)
eα = eαα(u)du
α =
(
ei = dxi, ea = dya +Nai dx
i
)
. (4)
The nonholonomic frame structure is characterized by relations
[eα, eβ] = eαeβ − eβeα = wγαβeγ , (5)
where
eα = e
α
α (u)∂/∂u
α =
(
ei = ∂/∂x
i −Nai ∂/∂ya, eb = ∂/∂yb
)
(6)
are dual to (4). The nontrivial anholonomy coefficients are determined by
the N–connection coefficients N = {Nai } following formulas wbia = ∂aN bi and
waji = Ω
a
ij, where
Ωaij = ej (N
a
i )− ei
(
Naj
)
(7)
define the coefficients of N–connection curvature.4
On a N–anholonomic manifold, it is convenient to work with the so–
called canonical distinguished connection (in brief, canonical d–connection
D̂ = {Γ̂γαβ}) which is metric compatible, D̂g = 0, and completely defined
by the coefficients of a metric g (3) and a N–connection N, subjected to
the condition that the so–called h– and v–components of torsion are zero.5
Using deformation of linear connections formula Γγαβ = Γ̂
γ
αβ + Z
γ
αβ ,
where ∇ = { Γγαβ} is the Levi–Civita connection (this connection is
metric compatible, torsionless and completely defined by the coefficients of
the same metric structure g), we can perform all geometric constructions in
two equivalent forms: applying the covariant derivative D̂ and/or ∇. This
4We use boldface symbols for spaces (and geometric objects on such spaces) enabled
with N–connection structure. Here we note that the particular holonomic/ integrable case
is selected by the integrability conditions wγαβ = 0.
5by definition, a d–connection is a linear connection preserving under parallelism a
given N–connection splitting (2); in general, a d–connection has a nontrivial torsion tensor
but for the canonical d–connection the torsion is induced by the anholonomy coefficients
which in their turn are defined by certain off–diagonal N–coefficients in the corresponding
metric
5
is possible because all values Γ, Γ̂ and Z are completely determined in
unique forms by g for a prescribed nonholonomic splitting, see details and
coefficient formulas in Refs. [20, 19, 17, 6].
Any class of noncommutative relations (1) on a N–anholonomic space-
timeV defines additionally a complex distribution and transforms this space
into a complex nonholonomic manifold θV.6 We shall follow the approach to
noncommutative geometry based on the Groenewold–Moyal product (star
product, or ⋆–product) [24, 25] inspired by the foundations of quantum me-
chanics [26, 27]. For the Einstein gravity and its equivalent lifts on de Sit-
ter/affine bundles and various types of noncommutative Lagrange–Finsler
geometries, we defined star products adapted to N–connection structures
[8, 9, 17], see also [7] and Part III in [6] on alternative approaches with non-
holonomic Dirac operators and Ricci flows of noncommutative geometries.
In general, such constructions are related to deformations of the commu-
tative algebra of bounded (complex valued) continuous functions C(V) on
V into a (noncommutative) algebra θA(V). There were considered differ-
ent constructions of θA corresponding to different choices of the so–called
”symbols of operators”, see details and references in [2, 3, 26, 27], and the
extended Weyl ordered symbolW, to get an algebra isomorphism with prop-
erties
W[ 1f ⋆ 2f ] ≡ W[ 1f ]W[ 2f ] = 1fˆ 2fˆ ,
for 1f, 2f ∈ C(V) and 1fˆ , 2fˆ ∈ θA(V), when the induced ⋆–product
is associative and noncommutative. Such a product can be introduced on
nonholonomic manifolds [8, 9, 17] using the N–elongated partial derivatives
(6),
1fˆ ⋆ 2fˆ =
∞∑
k=0
1
k!
(
i
2
)k
θα1β1 . . . θαkβkeα1 . . . eαk
1f(u) eβ1 . . . eβk
2f(u). (8)
For nonholonomic configurations, we have two types of ”noncommutativity”
given by relations (1) and (5).
For a noncommutative nonholonomic spacetime model θV of a spacetime
V, we can derive a N–adapted local frame structure θeα = (
θei,
θea)
6Here we note that a noncommutative distribution of type (1) mixes the h– and v–
components, for instance, of coordinates xi and ya. Nevertheless, it is possible to redefine
the constructions in a language of projective modules with certain conventional irreversible
splitting of type T θV = h θV⊕ v θV, see details in [7] and Part III in [6]. Here we also
note that we shall use the label θ both for tensor like values θαβ, or a set of parameters,
for instance, θδαβ .
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which can be constructed by noncommutative deformations of eα,
θe αα = e
α
α + iθ
α1β1e
α
α α1β1
+ θα1β1θα2β2e
α
α α1β1α2β2
+O(θ3), (9)
θeα⋆α = e
α
α + iθ
α1β1eααα1β1 + θ
α1β1θα2β2eααα1β1α2β2 +O(θ3),
subjected to the condition θeα⋆α ⋆
θe
β
α = δ
β
α , for δ
β
α being the Kro-
necker tensor, where e
α
α α1β1
and e
α
α α1β1α2β2
can be written in terms of
e
α
α , θαβ and the spin distinguished connection corresponding to D̂. Such
formulas were introduced for noncommutative deformations of the Einstein
and Sitter/ Poincare´ like gauge gravity [8, 9] and complex gauge gravity [11]
and then generalized for noncommutative nonholonomic configurations in
string/brane and generalized Finsler theories in Part III in [6] and [17, 7] (we
note that we can also consider alternative expansions in ”non” N–adapted
form working with the spin connection corresponding to the Levi–Civita
connection).
The noncommutative deformation of a metric (3), g → θg, can be
defined in the form
θgαβ =
1
2
ηαβ
[
θe αα ⋆
(
θe
β
β
)+
+ θe
β
β ⋆
(
θe αα
)+]
, (10)
where (. . .)+ denotes Hermitian conjugation and ηαβ is the flat Minkowski
space metric. In N–adapted form, as nonholonomic deformations, such
metrics were used for constructing exact solutions in string/gauge/Einstein
and Lagrange–Finsler metric–affine and noncommutative gravity theories in
Refs. [6, 17]. In explicit form, formula (10) was introduced in [5] for de-
compositions of type (9) performed for the spin connection corresponding to
the Levi–Civita connection. In our approach, the ”boldface” formulas allow
us to extend the formalism to various types of commutative and noncom-
mutative nonholonomic and generalized Finsler spaces and to compute also
noncommutative deforms of N–connection coefficients.
The target metrics resulting after noncommutative nonholonomic trans-
forms (to be investigated in this work) can be parametrized in general form
θg = θgi(u, θ)dx
i ⊗ dxi + θha(u, θ) θea ⊗ θea, (11)
θeα = θeαα(u, θ)du
α =
(
ei = dxi, θea = dya + θNai (u, θ)dx
i
)
,
where it is convenient to consider conventional polarizations η...... when
θgi = ηˇi(u, θ)gi,
θha = ηˇa(u, θ)ha,
θNai (u, θ) = ηˇ
a
i (u, θ)N
a
i , (12)
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for gi, ha, N
a
i given by a prime metric (3). How to construct exact solutions
of gravitational and matter field equations defined by very general ansatz of
type (11), with coefficients depending on arbitrary parameters θ and various
types of integration functions, in Einstein gravity and (non)commutative
string/gauge/Finsler etc like generalizations, is considered in Refs. [18, 6,
17, 19, 20, 21].
In this work, we shall analyze noncommutative deformations induced by
(1) for a class of four dimensional (4–d (pseudo) Riemannian) metrics (or
2–d (pseudo) Finsler metrics) defining (non) commutative Finsler–Einstein
spaces as exact solutions of the Einstein equations,
θÊij =
θ
hΥ(u)δ
i
j, Ê
a
b =
θ
vΥ(u)δ
a
b,
θÊia =
θÊai = 0, (13)
where θÊαβ = { θÊij, θÊia, θÊai, θÊab} are the components of the Einstein
tensor computed for the canonical distinguished connection (d–connection)
θD̂, see details in [20, 19, 18, 6] and, on Finsler models on tangent bundles,
[22, 23]. Functions θhΥ and
θ
vΥ are considered to be defined by certain
matter fields in a corresponding model of (non) commutative gravity. The
geometric objects in (13) must be computed using the ⋆–product (8) and the
coefficients contain in general the complex unity i. Nevertheless, it is possible
to prescribe such nonholonomic distributions on the ”prime” V when, for
instance,
Êij(u)→ Êij(u, θ), θhΥ(u)→ hΥ(u, θ), . . .
and we get generalized Lagrange–Finsler and/or (pseudo) Riemannian ge-
ometries, and corresponding gravitational models, with parametric depen-
dencies of geometric objects on θ.
Solutions of nonholonomic equations (13) are typical ones for the Finsler
gravity with metric compatible d–connections7 or in the so–called Einste-
ing/string/brane/gauge gravity with nonholonomic/Finsler like variables.
7We emphasize that Finlser like coordinates can be considered on any (pseudo), or
complex Riemannian manifold and inversely, see discussions in [19, 20]. A real Finsler
metric f = {f αβ} can be parametrized in the canonical Sasaki form
f = fijdx
i ⊗ dxj + fab
c
e
a ⊗ ceb, cea = dya + cNai dx
i,
where the Finsler configuration is defied by 1) a fundamental real Finsler (generating)
function F (u) = F (x, y) = F (xi, ya) > 0 if y 6= 0 and homogeneous of type F (x, λy) =
|λ|F (x, y), for any nonzero λ ∈ R, with positively definite Hessian fab =
1
2
∂2F2
∂ya∂yb
, when
det | fab| 6= 0, see details in [20, 19]. The Cartan canonical N–connection structure
c
N =
{ cNai } is defined for an effective Lagrangian L = F
2 as cNai =
∂Ga
∂y2+i
with Ga =
1
4
fa 2+i
(
∂2L
∂y2+i∂xk
y2+k − ∂L
∂xi
)
, where fab is inverse to fab and respective contractions
of horizontal (h) and vertical (v) indices, i, j, ... and a, b..., are performed following the
8
In the standard approach to the Einstein gravity, when D̂→ ∇, the Einstein
spaces are defined by metrics g as solutions of the equations
Eαβ = Υαβ, (14)
where Eαβ is the Einstein tensor for ∇ and Υαβ is proportional to the
energy–momentum tensor of matter in general relativity. Of course, for
noncommutative gravity models in (14), we must consider values of type
θ∇, θE, θΥ etc. Nevertheless, for certain general classes of ansatz of
primary metrics g on aV we can reparametrize such a way the nonholonomic
distributions on corresponding θV that θg(u) = g˜(u, θ) are solutions of (13)
transformed into a system of partial differential equations (with parametric
dependence of coefficients on θ) which after certain further restrictions on
coefficients determining the nonholonomic distribution can result in generic
off–diagonal solutions for general relativity.8
3 General Solutions with Noncommutative Param-
eters
A noncommutative deformation of coordinates of type (1) defined by
θ together with correspondingly stated nonholonomic distributions on θV
transform prime metrics g (for instance, a Schwarzschild solution on V)
into respective classes of target metrics θg = g˜ as solutions of Finsler type
gravitational field equations (13) and/or standard Einstein equations (14)
in general gravity. The goal of this section is to show how such solutions
and their noncommutative/nonholonomic transforms can be constructed in
general form for vacuum and non–vacuum locally anisotropic configurations.
We parametrize the noncommutative and nonholonomic transform of a
metric g (3) into a θg = g˜ (11) resulting from formulas (9), and (10) and
expressing of polarizations in (12), as ηˇα(u, θ) = η`α(u) + η˚α(u)θ
2+O(θ4) in
the form
θgi = g`i(u) + g˚i(u)θ
2 +O(θ4), θha = h`a(u) + h˚a(u)θ2 +O(θ4),
θN3i =
θwi(u, θ),
θN4i =
θni(u, θ), (15)
where g`i = gi and h`a = ha for η`α = 1, but for general η`α(u) we get nonholo-
nomic deformations which do not depend on θ.
rule: we can write, for instance, an up v–index a as a = 2 + i and contract it with a low
index i = 1, 2. In brief, we shall write yi instead of y2+i, or ya. Such formulas can be re–
defined on complex manifolds/bundles for various types of complex Finsler/Riemannian
geometries/gravity models.
8the metrics for such spacetimes can not diagonalized by coordinate transforms
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3.1 Nonholonomic Einstein equations depending on noncom-
mutative parameter
The gravitational field equations (13) for a metric (11) with coefficients
(15) and sources of type
θΥαβ = [Υ
1
1 = Υ2(x
i, v, θ),Υ22 = Υ2(x
i, v, θ),Υ33 = Υ4(x
i, θ),Υ44 = Υ4(x
i, θ)]
(16)
transform into this system of partial differential equations9:
θR̂11 =
θR̂22 =
1
2 θg1 θg2
× (17)[
θg•1
θg•2
2 θg1
+
( θg•2)
2
2 θg2
− θg••2 +
θg
′
1
θg
′
2
2 θg2
+
( θg
′
1)
2
2 θg1
− θg′′1
]
= −Υ4(xi, θ),
θŜ33 =
θŜ44 =
1
2 θh3 θh4
× (18)[
θh∗4
(
ln
√
| θh3 θh4|
)∗
− θh∗∗4
]
= −Υ2(xi, v, θ),
θR̂3i = − θwi β
2 θh4
− αi
2 θh4
= 0, (19)
θR̂4i = −
θh3
2 θh4
[
θn∗∗i + γ
θn∗i
]
= 0, (20)
where, for θh∗3,4 6= 0,
αi =
θh∗4∂iφ, β =
θh∗4 φ
∗, γ =
3 θh∗4
2 θh4
−
θh∗3
θh3
,
φ = ln | θh∗3/
√
| θh3 θh4||, (21)
when the necessary partial derivatives are written in the form a• = ∂a/∂x1,
a′ = ∂a/∂x2, a∗ = ∂a/∂v. In the vacuum case, we must consider Υ2,4 = 0.
Various classes of (non) holonomic Einstein, Finsler–Einstein and general-
ized spaces can be generated if the sources (16) are taken Υ2,4 = λ, where
λ is a nonzero cosmological constant, see examples of such solutons in Refs.
[17, 20, 19, 21, 18, 6].
9see similar details on computing the Ricci tensor coefficients θR̂αβ for the canonical
d–connection D̂ in Parts II and III of [6] and reviews [18, 19], revising those formulas for
the case when the geometric objects depend additionally on a noncommutative parameter
θ
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3.2 Exact solutions for the canonical d–connection
Let us express the coefficients of a target metric (11), and respective
polarizations (12), in the form
θgk = ǫke
ψ(xi,θ), (22)
θh3 = ǫ3h
2
0(x
i, θ)
[
f∗
(
xi, v, θ
)]2 |ς (xi, v, θ) | ,
θh4 = ǫ4
[
f
(
xi, v, θ
) − f0(xi, θ)]2 ,
θN3k = wk
(
xi, v, θ
)
, θN4k = nk
(
xi, v, θ
)
,
with arbitrary constants ǫα = ±1, and h∗3 6= 0 and h∗4 6= 0, when f∗ =
0. By straightforward verification, or following methods outlined in Refs.
[18, 6, 17, 19], we can prove that any off–diagonal metric
θ
◦g = e
ψ
[
ǫ1 dx
1 ⊗ dx1 + ǫ2 dx2 ⊗ dx2
]
+ǫ3h
2
0 [f
∗]2 |ς| δv ⊗ δv + ǫ4 [f − f0]2 δy4 ⊗ δy4,
δv = dv + wk
(
xi, v, θ
)
dxk, δy4 = dy4 + nk
(
xi, v, θ
)
dxk, (23)
defines an exact solution of the system of partial differential equations (17)–
(20), i.e. of the Einstein equation for the canonical d–connection (13) for a
metric of type (11) with the coefficients of form (22), if there are satisfied
the conditions10:
1. function ψ is a solution of equation ǫ1ψ
•• + ǫ2ψ
′′
= Υ4;
2. the value ς is computed following formula
ς
(
xi, v, θ
)
= ς[0]
(
xi, θ
)− ǫ3
8
h20(x
i, θ)
∫
Υ2f
∗ [f − f0] dv
and taken ς = 1 for Υ2 = 0;
3. for a given source Υ4, the N–connection coefficients are computed fol-
lowing the formulas
wi
(
xk, v, θ
)
= −∂iς/ς∗, (24)
nk
(
xk, v, θ
)
= 1nk
(
xi, θ
)
+ 2nk
(
xi, θ
) ∫ [f∗]2 ςdv
[f − f0]3
, (25)
and wi
(
xk, v, θ
)
are arbitrary functions if ς = 1 for Υ2 = 0.
10we put the left symbol ”◦” in order to emphasize that such a metric is a solution of
gravitational field equations
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It should be emphasized that such solutions depend on arbitrary non-
trivial functions f (with f∗ 6= 0), f0, h0, ς[0], 1nk and 2nk, and sources Υ2
and Υ4. Such values for the corresponding quasi–classical limits of solutions
to metrics of signatures ǫα = ±1 have to be defined by certain boundary
conditions and physical considerations.
Ansatz of type (11) for coefficients (22) with h∗3 = 0 but h
∗
4 6= 0 (or,
inversely, h∗3 6= 0 but h∗4 = 0) consist more special cases and request a bit
different method of constructing exact solutions, see details in [6].
3.3 Off–diagonal solutions for the Levi–Civita connection
The solutions for the gravitational field equations for the canonical d–
connection (which can be used for various models of noncommutative Finsler
gravity and generalizations) presented in the previous subsection can be con-
strained additionally and transformed into solutions of the Einstein equa-
tions for the Levi–Civita connection (14), all depending, in general, on pa-
rameter θ. Such classes of metrics are of type
θ
◦g = e
ψ(xi,θ)
[
ǫ1 dx
1 ⊗ dx1 + ǫ2 dx2 ⊗ dx2
]
(26)
+h3
(
xi, v, θ
)
δv ⊗ δv + h4
(
xi, v, θ
)
δy4 ⊗ δy4,
δv = dv + w1
(
xi, v, θ
)
dx1 +w2
(
xi, v, θ
)
dx2,
δy4 = dy4 + n1
(
xi, θ
)
dx1 + n2
(
xi, θ
)
dx2,
with the coefficients restricted to satisfy the conditions
ǫ1ψ
•• + ǫ2ψ
′′
= Υ4, h
∗
4φ/h3h4 = Υ2, (27)
w′1 − w•2 + w2w∗1 − w1w∗2 = 0, n′1 − n•2 = 0,
for wi = ∂iφ/φ
∗, see (21), for given sources Υ4(x
k, θ) and Υ2(x
k, v, θ). We
note that the second equation in (27) relates two functions h3 and h4 and the
third and forth equations from the mentioned conditons select such nonholo-
nomic configurations when the coefficients of the canonical d–connection and
the Levi–Civita connection are the same with respect to N–adapted frames
(4) and (6), even such connections (and corresponding derived Ricci and
Riemannian curvature tensors) are different by definition.
Even the ansatz (26) depends on three coordinates (xk, v) and noncom-
mutative parameter θ, it allows us to construct more general classes of so-
lutions with dependence on four coordinates if such metrics can be related
by chains of nonholonomic transforms.
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4 Noncommutative Nonholonomic Deformations
of Schwarzschild Metrics
Solutions of type (23) and/or (26) are very general ones induced by non-
commutative nonholonomic distributions and it is not clear what type of
physical interpretation can be associated to such metrics. In this section,
we analyze certain classes of nonholonomic constraints which allows us to
construct black hole solutions and noncommutative corrections to such so-
lutions.
The goal of this subsection is to formulate the conditions when spheri-
cal symmetric noncommutative (Schwarzschild type) configurations can be
extracted.
4.1 Vacuum noncommutative nonholonomic configurations
In the simplest case, we analyse a class of holonomic nocommutative
deformations, with θp N
a
i = 0,
11 of the Schwarzschild metric
Schg = pg1dr ⊗ dr + pg2 dϑ⊗ dϑ+ ph3 dϕ⊗ dϕ+ ph4 dt⊗ dt,
pg1 = −
(
1− α
r
)−1
, pg2 = −r2, ph3 = −r2 sin2 ϑ, ph4 = 1− α
r
,
written in spherical coordinates uα = (x1 = ξ, x2 = ϑ, y3 = ϕ, y4 = t) for
α = 2Gµ0/c
2, correspondingly defined by the Newton constant G, a point
mass µ0 and light speed c. Taking
pg`i = pgi, h`a = pha, (28)
p˚g1 = − α(4r − 3α)
16r2(r − α)2 , p˚g2 = −
2r2 − 17α(r − α)
32r(r − α) ,
p˚h3 = −(r
2 + αr − α2) cos ϑ− α(2r − α)
16r(r − α) , p˚h4 = −
α(8r − 11α)
16r4
,
for
θ
p gi = pg`i + p˚giθ
2 +O(θ4), θp ha = ph`a + p˚haθ2 +O(θ4),
we get a ”degenerated” case of solutions (23), see details in Refs. [18, 6, 17,
19], because θp h
∗
a = ∂
θ
p ha/∂ϕ = 0 which is related to the case of holonomic/
integrable off–diagonal metrics. For such metrics, the deformations (28) are
just those presented in Refs. [28, 5, 1].
11computed in Ref. [28]
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A more general class of noncommutative deformations of the Schwarz-
schild metric can be generated by nonholonomic transform of type (12)
when the metric coefficients polarizations, ηˇα, and N–connection coefficients,
θ
p N
a
i , for
θ
q gi = ηˇi(r, ϑ, θ) pgi,
θ
qha = ηˇa(r, ϑ, ϕ, θ) pha,
θ
qN
3
i = wi(r, ϑ, ϕ, θ),
θ
qN
4
i = ni(r, ϑ, ϕ, θ),
are constrained to define a metric (23) for Υ4 = Υ2 = 0. The coefficients
of such metrics, computed with respect to N–adapted frames (4) defined by
θ
qN
a
i , can be re–parametrized in the form
θ
q gk = ǫke
ψ(r,ϑ,θ) = pg`k + δ pg`k + ( p˚gk + δ p˚gk)θ
2 +O(θ4); (29)
θ
qh3 = ǫ3h
2
0 [f
∗(r, ϑ, ϕ, θ)]2 =(
ph`3 + δ ph`3
)
+
(
p˚h3 + δ p˚h3
)
θ2 +O(θ4), h0 = const 6= 0;
θ
qh4 = ǫ4 [f(r, ϑ, ϕ, θ)− f0(r, ϑ, θ)]2 =(
ph`4 + δ ph`4
)
+
(
p˚h4 + δ p˚h4
)
θ2 +O(θ4),
where the nonholonomic deformations δ pg`k, δ p˚gk, δ ph`a, δ p˚ha are for corre-
spondingly given generating functions ψ(r, ϑ, θ) and f(r, ϑ, ϕ, θ) expressed
as series on θ2k, for k = 1, 2, .... Such coefficients define noncommutative
Finsler type spacetimes being solutions of the Einstein equations for the
canonical d–connection. They are determined by the (prime) Schwarzschild
data pgi and pha and certain classes on noncommutative nonholonomic dis-
tributions defining off–diagonal gravitational interactions. In order to get
solutions for the Levi–Civita connection, we have to constrain (29) addition-
ally in a form to generate metrics of type (26) with coefficients subjected to
conditions (27) for zero sources Υα.
4.2 Noncommutative deformations with nontrivial sources
In the holonomic case, there are known such noncommutative general-
izations of the Schwarzschild metric (see, for instance, Ref. [29, 30, 31] and
review [1]) when
ncSg = ⊺g1dr ⊗ dr + ⊺g2 dϑ⊗ dϑ+ ⊺h3 dϕ⊗ dϕ+ ⊺h4 dt⊗ dt,
⊺g1 = −
(
1− 4µ0γ√
πr
)−1
, ⊺g2 = −r2, (30)
⊺h3 = −r2 sin2 ϑ, ⊺h4 = 1− 4µ0γ√
πr
,
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for γ being the so–called lower incomplete Gamma function
γ(
3
2
,
r2
4θ
) +
∫ r2
0
p1/2e−pdp,
is the solution of a noncommutative version of the Einstein equation
θEαβ =
8πG
c2
θTαβ ,
where θEαβ is formally left unchanged (i.e. is for the commutative Levi–
Civita connection in commutative coordinates) but
θTαβ =

−p1
−p⊥
−p⊥
ρθ
 (31)
with p1 = −ρθ and p⊥ = −ρθ − r2∂rρθ(r) is taken for a self–gravitating,
anisotropic fluid–type matter modeling noncommutativity.
Via nonholonomic deforms, we can generalize the solution (30) to off–
diagonal metrics of type
ncS
θ g = −eψ(r,ϑ,θ) [ dr ⊗ dr + dϑ⊗ dϑ] (32)
−h20 [f∗(r, ϑ, ϕ, θ)]2 |ς(r, ϑ, ϕ, θ)| δϕ ⊗ δϕ
+ [f(r, ϑ, ϕ, θ)− f0(r, ϑ, θ)]2 δt⊗ δt,
δϕ = dϕ+ w1(r, ϑ, ϕ, θ)dr + w2(r, ϑ, ϕ, θ)dϑ,
δt = dt+ n1(r, ϑ, ϕ, θ)dr + n2(r, ϑ, ϕ, θ)dϑ,
being exact solutions of the Einstein equation for the canonical d–connection
(13) with locally anisotropically self–gravitating source
θΥαβ = [Υ
1
1 = Υ
2
2 = Υ2(r, ϑ, ϕ, θ),Υ
3
3 = Υ
4
4 = Υ4(r, ϑ, θ)].
Such sources should be taken with certain polarization coefficients when
Υ ∼ ηT is constructed using the matter energy–momentum tensor (31).
The coefficients of metric (32) are computed to satisfy correspondingly
the conditions:
1. function ψ(r, ϑ, θ) is a solution of equation ψ•• + ψ
′′
= −Υ4;
2. for a nonzero constant h20, and given Υ2,
ς (r, ϑ, ϕ, θ) = ς[0] (r, ϑ, θ) + h
2
0
∫
Υ2f
∗ [f − f0] dϕ;
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3. the N–connection coefficients are
wi (r, ϑ, ϕ, θ) = −∂iς/ς∗,
nk (r, ϑ, ϕ, θ) =
1nk (r, ϑ, θ) +
2nk (r, ϑ, θ)
∫
[f∗]2 ς
[f − f0]3
dϕ.
The above presented class of metrics describes nonholonomic deforma-
tions of the Schwarzschild metric into (pseudo) Finsler configurations in-
duced by the noncommutative parameter. Subjecting the coefficients of (32)
to additional constraints of type (27) with nonzero sources Υα, we extract a
subclass of solutions for noncommutative gravity with effective Levi–Civita
connection.
4.3 Noncommutative ellipsoidal deformations
In this section, we provide a method of extracting ellipsoidal configu-
rations from a general metric (32) with coefficients constrained to generate
solutions on the Einstein equations for the canonical d–connection or Levi–
Civita connection.
We consider a diagonal metric depending on noncommutative parame-
ter θ (in general, such a metric is not a solution of any gravitational field
equations)
θg = −dξ⊗dξ− r2(ξ) dϑ⊗dϑ− r2(ξ) sin2 ϑ dϕ⊗dϕ+̟2(ξ) dt⊗ dt, (33)
where the local coordinates and nontrivial metric coefficients are parametriz-
ed in the form
x1 = ξ, x2 = ϑ, y3 = ϕ, y4 = t, (34)
gˇ1 = −1, gˇ2 = −r2(ξ), hˇ3 = −r2(ξ) sin2 ϑ, hˇ4 = ̟2(ξ),
for
ξ =
∫
dr
∣∣∣∣1− 2µ0r + θr2
∣∣∣∣1/2 and ̟2(r) = 1− 2µ0r + θr2 .
For θ = 0 and variable ξ(r), this metric is just the the Schwarzschild solution
written in spacetime spherical coordinates (r, ϑ, ϕ, t).
Target metrics are generated by nonholonomic deforms with gi = ηigˇi
and ha = ηahˇa and some nontrivial wi, ni, where (gˇi, hˇa) are given by data
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(34) and parametrized by an ansatz of type (32),
θ
ηg = −η1(ξ, ϑ, θ)dξ ⊗ dξ − η2(ξ, ϑ, θ)r2(ξ) dϑ⊗ dϑ (35)
−η3(ξ, ϑ, ϕ, θ)r2(ξ) sin2 ϑ δϕ ⊗ δϕ + η4(ξ, ϑ, ϕ, θ)̟2(ξ) δt⊗ δt,
δϕ = dϕ+ w1(ξ, ϑ, ϕ, θ)dξ +w2(ξ, ϑ, ϕ, θ)dϑ,
δt = dt+ n1(ξ, ϑ, θ)dξ + n2(ξ, ϑ, θ)dϑ;
the coefficients of such metrics are constrained to be solutions of the system
of equations (17)–(20).
The equation (18) for Υ2 = 0 states certain relations between the coef-
ficients of the vertical metric and respective polarization functions,
h3 = −h20(b∗)2 = η3(ξ, ϑ, ϕ, θ)r2(ξ) sin2 ϑ, (36)
h4 = b
2 = η4(ξ, ϑ, ϕ, θ)̟
2(ξ),
for |η3| = (h0)2|hˇ4/hˇ3|
[(√
|η4|
)∗]2
. In these formulas, we have to chose
h0 = const (it must be h0 = 2 in order to satisfy the condition (27)), where
η4 can be any function satisfying the condition η
∗
4 6= 0. We generate a class
of solutions for any function b(ξ, ϑ, ϕ, θ) with b∗ 6= 0. For classes of solutions
with nontrivial sources, it is more convenient to work directly with η4, for
η∗4 6= 0 but, for vacuum configurations, we can chose as a generating function,
for instance, h4, for h
∗
4 6= 0.
It is possible to compute the polarizations η1 and η2, when η1 = η2r
2 =
eψ(ξ,ϑ), from (17) with Υ4 = 0, i.e. from ψ
•• + ψ′′ = 0.
Putting the above defined values of coefficients in the ansatz (35), we
find a class of exact vacuum solutions of the Einstein equations defining
stationary nonholonomic deformations of the Schwarzschild metric,
εg = −eψ(ξ,ϑ,θ) (dξ ⊗ dξ + dϑ⊗ dϑ) (37)
−4
[(√
|η4(ξ, ϑ, ϕ, θ)|
)∗]2
̟2(ξ) δϕ⊗ δϕ
+η4(ξ, ϑ, ϕ, θ)̟
2(ξ) δt⊗ δt,
δϕ = dϕ+ w1(ξ, ϑ, ϕ, θ)dξ +w2(ξ, ϑ, ϕ, θ)dϑ,
δt = dt+ 1n1(ξ, ϑ, θ)dξ +
1n2(ξ, ϑ, θ)dϑ.
The N–connection coefficients wi and
1ni in (37) must satisfy the last two
conditions from (27) in order to get vacuum metrics in Einstein gravity. Such
vacuum solutions are for nonholonomic deformations of a static black hole
metric into (non) holonomic noncommutative Einstein spaces with locally
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anistoropic backgrounds (on coordinate ϕ) defined by an arbitrary function
η4(ξ, ϑ, ϕ, θ) with ∂ϕη4 6= 0, an arbitrary ψ(ξ, ϑ, θ) solving the 2–d Laplace
equation and certain integration functions 1wi(ξ, ϑ, ϕ, θ) and
1ni(ξ, ϑ, θ).
The nonholonomic structure of such spaces depends parametrically on non-
commutative parameter(s) θ.
In general, the solutions from the target set of metrics (35), or (37),
do not define black holes and do not describe obvious physical situations.
Nevertheless, they preserve the singular character of the coefficient ̟2(ξ)
vanishing on the horizon of a Schwarzschild black hole if we take only smooth
integration functions for some small noncommutative parameters θ. We can
also consider a prescribed physical situation when, for instance, η4 mimics
3–d, or 2–d, solitonic polarizations on coordinates ξ, ϑ, ϕ, or on ξ, ϕ.
5 Extracting Black Hole and Rotoid Configura-
tions
From a class of metrics (37) defining nonholonomic noncommutative de-
formations of the Schwarzschild solution depending on parameter θ, it is
possible to select locally anisotropic configurations with possible physical
interpretation of gravitational vacuum configurations with spherical and/or
rotoid (ellipsoid) symmetry.
5.1 Linear parametric noncommutativ polarizations
Let us consider generating functions of type
b2 = q(ξ, ϑ, ϕ) + θ¯s(ξ, ϑ, ϕ) (38)
and, for simplicity, restrict our analysis only with linear decompositions
on a small dimensionless parameter θ¯ ∼ θ, with 0 < θ¯ << 1. This way,
we shall construct off–diagonal exact solutions of the Einstein equations
depending on θ¯ which for rotoid configurations can be considered as a small
eccentricity.12 For a value (38), we get
(b∗)2 =
[
(
√
|q|)∗
]2 [
1 + θ¯
1
(
√
|q|)∗
(
s√
|q|
)∗]
12From a formal point of view, we can summarize on all orders
(
θ¯
)2
,
(
θ¯
)3
... stating such
recurrent formulas for coefficients when get convergent series to some functions depending
both on spacetime coordinates and a parameter θ¯, see a detailed analysis in Ref. [18].
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which allows us to compute the vertical coefficients of d–metric (37) (i.e h3
and h4 and corresponding polarizations η3 and η4) using formulas (36).
On should emphasize that nonholonomic deformations are not obligatory
related to noncommutative ones. For instance, in a particular case, we
can generate nonholonomic deformations of the Schwarzschild solution not
depending on θ¯ : we have to put θ¯ = 0 in the above formulas and consider
b2 = q and (b∗)2 =
[
(
√|q|)∗]2 . Such classes of black hole solutions are
analyzed in Ref. [20].
Nonholonomic deformations to rotoid configurations can be generated
for
q = 1− 2µ(ξ, ϑ, ϕ)
r
and s =
q0(r)
4µ2
sin(ω0ϕ+ ϕ0), (39)
with µ(ξ, ϑ, ϕ) = µ0 + θ¯µ1(ξ, ϑ, ϕ) (locally anisotropically polarized mass)
with certain constants µ, ω0 and ϕ0 and arbitrary functions/polarizations
µ1(ξ, ϑ, ϕ) and q0(r) to be determined from some boundary conditions,
with θ¯ treated as the eccentricity of an ellipsoid.13 Such a noncommu-
tative nonholonomic configuration determines a small deformation of the
Schwarzschild spherical horizon into an ellipsoidal one (rotoid configuration
with eccentricity θ¯).
We provide the general solution for noncommutative ellipsoidal black
holes determined by nonholonomic h–components of metric and N–connection
coefficients which ”survive” in the limit θ¯ → 0, i.e. such values do not de-
pend on noncommutative parameter. Dependence on noncommutativity is
contained in v–components of metric. This class of stationary rotoid type
solutions is parametrized in the form
rot
θ g = −eψ (dξ ⊗ dξ + dϑ ⊗ dϑ)
−4
[
(
√
|q|)∗
]2 [
1 + θ¯
1
(
√
|q|)∗
(
s√
|q|
)∗]
δϕ⊗ δϕ
+
(
q + θ¯s
)
δt⊗ δt, (40)
δϕ = dϕ+ w1dξ + w2dϑ, δt = dt+
1n1dξ +
1n2dϑ,
with functions q(ξ, ϑ, ϕ) and s(ξ, ϑ, ϕ) given by formulas (39) and N–connec-
13we can relate θ¯ to an eccentricity because the coefficient h4 = b
2 = η4(ξ, ϑ, ϕ, θ¯)
̟2(ξ) becomes zero for data (39) if r+ ≃ 2µ0/[1 + θ¯
q0(r)
4µ2
sin(ω0ϕ+ ϕ0)], which is the
”parametric” equation for an ellipse r+(ϕ) for any fixed values
q0(r)
4µ2
, ω0, ϕ0 and µ0
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tion coefficients wi(ξ, ϑ, ϕ) and ni =
1ni(ξ, ϑ) subjected to conditions
w1w2
(
ln |w1
w2
|
)∗
= w•2 − w′1, w∗i 6= 0;
or w•2 − w′1 = 0, w∗i = 0; 1n′1(ξ, ϑ)− 1n•2(ξ, ϑ) = 0
and ψ(ξ, ϑ) being any function for which ψ•• + ψ′′ = 0.
For small eccentricities, a metric (40) defines stationary configurations
for the so–called black ellipsoid solutions (their stability and properties can
be analyzed following the methods elaborated in [32, 33, 17], see also a sum-
mary of results and generalizations for various types of locally anisotropic
gravity models in Ref. [6]). There is a substantial difference between so-
lutions provided in this section and similar black ellipsoid ones constructed
in [20]. In this work, such metrics transform into the usual Schwarzschild
one if the values eψ, wi,
1ni have the corresponding limits for θ¯ → 0, i.e.
for commutative configurations. For ellipsoidal configurations with generic
off–diagonal terms, an eccentricity ε may be non–trivial because of generic
nonholonomic constraints.
5.2 Rotoids and noncommutative solitonic distributions
There are static three dimensional solitonic distributions η(ξ, ϑ, ϕ, θ),
defined as solutions of a solitonic equation14
η•• + ǫ(η′ + 6η η∗ + η∗∗∗)∗ = 0, ǫ = ±1,
resulting in stationary black ellipsoid–solitonic noncommutative spacetimes
θV generated as further deformations of a metric rotθ g (40). Such metrics
are of type
rot
solθg = −eψ (dξ ⊗ dξ + dϑ⊗ dϑ) (41)
−4
[
(
√
|ηq|)∗
]2 [
1 + θ¯
1
(
√|ηq|)∗
(
s√|ηq|
)∗]
δϕ ⊗ δϕ
+η
(
q + θ¯s
)
δt⊗ δt,
δϕ = dϕ+w1dξ + w2dϑ, δt = dt+
1n1dξ +
1n2dϑ,
where the N–connection coefficients are taken the same as for (40).
14a function η can be a solution of any three dimensional solitonic and/ or other non-
linear wave equations
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For small values of θ¯, a possible spacetime noncommutativity determines
nonholonomic embedding of the Schwarzschild solution into a solitonic vac-
uum. In the limit of small polarizations, when |η| ∼ 1, it is preserved the
black hole character of metrics and the solitonic distribution can be con-
sidered as on a Schwarzschild background. It is also possible to take such
parameters of η when a black hole is nonholonomically placed on a ”gravi-
tational hill” defined by a soliton induced by spacetime noncommutativity.
A vacuum metric (41) can be generalized for (pseudo) Finsler spaces with
canonical d–connection as a solution of equations R̂αβ = 0 (13) if the metric
is generalized to a subclass of (35) with stationary coefficients subjected to
conditions
ψ••(ξ, ϑ, θ¯) + ψ
′′
(ξ, ϑ, θ¯) = 0;
h3 = ±e−2 0φ (h
∗
4)
2
h4
for given h4(ξ, ϑ, ϕ, θ¯), φ =
0φ = const;
wi = wi(ξ, ϑ, ϕ, θ¯) are any functions ;
ni =
1ni(ξ, ϑ, θ¯) +
2ni(ξ, ϑ, θ¯)
∫
(h∗4)
2 |h4|−5/2dv, n∗i 6= 0;
= 1ni(ξ, ϑ, θ¯), n
∗
i = 0,
for h4 = η(ξ, ϑ, ϕ, θ¯)
[
q(ξ, ϑ, ϕ) + θ¯s(ξ, ϑ, ϕ)
]
. In the limit θ¯ → 0, we get a
Schwarzschild configuration mapped nonholonomically on a N–anholonomic
(pseudo) Riemannian spacetime with a prescribed nontrivial N–connection
structure.
The above constructed classes of noncommutative and/or nonholonomic
black hole type solutions (40) and (41) are stationary. It is also possible to
generalize such constructions for nonholonomic propagation of black holes
in extra dimension and/or as Ricci flows, in our case induced by spacetime
noncommutativity is also possible. We have to apply the geometric methods
elaborated in Refs. [34, 35, 36, 37], see also reviews of results, with solutions
for the metric–affine gravity, noncommutative generalizations etc, in [19, 6].
5.3 Noncommutative gravity and (pseudo) Finsler variables
In Ref. [20], we formulated a procedure of nonholonomic transforms of
(pseudo) Finsler metrics into (pseudo) Riemannian ones, and inversely, and
further deformations of both types of such metrics to exact solutions of the
Einstein equations. In this section, we show that such constructions can
be performed for nontrivial noncommutative parameters θ which emphasize
that (in general, complex) Finsler geometries can be induced by spacetime
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noncommutativity. For certain types of nonholonomic distributions, the
constructions provide certain models of stationary black hole solutions. Of
course, such geometric/physical models are equivalent if they are performed
for the same canonical d–connection and/or Levi–Civita connection.
We summarize the main steps of such noncommutative complex Finsler
– (pseudo) Riemannian transform:
1. Let us consider a solution for (non)holonomic noncommutative gener-
alized Einstein gravity with a metric15
θg˚ = g˚idx
i ⊗ dxi + h˚a(dya + N˚aj dxj)⊗ (dya + N˚ai dxi)
= g˚ie
i ⊗ ei + h˚a˚ea ⊗ e˚a = g˚i′′j′′ei′′ ⊗ ej′′ + h˚a′′b′′˚ea′′ ⊗ e˚b′′
related to an arbitrary (pseudo) Riemannian metric with transforms
of type
θg˚α′′β′′ = e˚
α′
α′′ e˚
β′
β′′
θgα′β′ (42)
parametrized in the form
g˚i′′j′′ = gi′j ′˚e
i′
i′′˚e
j′
j′′+ha′b′˚e
a′
i′′˚e
b′
j′′ , h˚a′′b′′ = gi′j ′˚e
i′
a′′˚e
j′
b′′+ha′b′˚e
a′
a′′˚e
b′
b′′ .
For e˚i
′
i′′ = δ
i′
i′′ , e˚
a′
a′′ = δ
a′
a′′ , we write (42) as
g˚i′′ = gi′′ + ha′
(˚
ea
′
i′′
)2
, h˚a′′ = gi′
(˚
ei
′
a′′
)2
+ ha′′ ,
i.e. in a form of four equations for eight unknown variables e˚a
′
i′′ and
e˚i
′
a′′ , and
N˚a
′′
i′′ = e˚
i′
i′′ e˚
a′′
a′ N
a′
i′ = N
a′′
i′′ .
2. We choose on θV a fundamental Finsler function
F = 3F (xi, v, θ) + 4F (xi, y, θ)
inducing canonically a d–metric of type
θf = fidx
i ⊗ dxi + fa(dya + cNaj dxj)⊗ (dya + cNai dxi),
= fie
i ⊗ ei + fa cea ⊗ cea
determined by data θfαβ =
[
fi, fa,
cNaj
]
in a canonical N–elongated
base ceα = (dxi, cea = dya + cNai dx
i).
15we shall omit the left label θ in this section if this will not result in ambiguities
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3. We define
gi′ = fi′
(
w˚i′
cwi′
)2 h3′
f3′
and gi′ = fi′
(
n˚i′
cni′
)2 h4′
f4′
.
Both formulas are compatible if w˚i′ and n˚i′ are constrained to satisfy
the conditions16
Θ1′ = Θ2′ = Θ,
where Θi′ =
(
w˚i′
cwi′
)2 ( n˚i′
cni′
)2
, and Θ =
(
w˚1′
cw1′
)2 ( n˚1′
cn1′
)2
=(
w˚2′
cw2′
)2 ( n˚2′
cn2′
)2
. Using Θ, we compute
gi′ =
(
w˚i′
cwi′
)2 fi′
f3′
and h3′ = h4′Θ,
where (in this case) there is not summing on indices. So, we con-
structed the data gi′ , ha′ and wi′ , nj′ .
4. The values e˚a
′
i′′ and e˚
i′
a′′ are determined as any nontrivial solutions of
g˚i′′ = gi′′ + ha′
(˚
ea
′
i′′
)2
, h˚a′′ = gi′
(˚
ei
′
a′′
)2
+ ha′′ , N˚
a′′
i′′ = N
a′′
i′′ .
For instance, we can choose
e˚3
′
1′′ = ±
√
|(˚g1′′ − g1′′) /h3′ |, e˚3′2′′ = 0, e˚4
′
i′′ = 0
e˚1
′
a′′ = 0, e˚
2′
3′′ = 0, e˚
2′
4′′ = ±
√∣∣∣(˚h4′′ − h4′′) /g2′∣∣∣
and express
e1
′
1 = ±
√∣∣∣∣ f1g1′
∣∣∣∣, e2′2 = ±
√∣∣∣∣ f2g2′
∣∣∣∣, e3′3 = ±
√∣∣∣∣ f3h3′
∣∣∣∣, e4′4 = ±
√∣∣∣∣ f4h4′
∣∣∣∣.
Finally, in this seciton, we conclude that any model of noncommutative
nonhlonomic gravity with distributions of type (1) and/or (2) can be equiv-
alently re–formulated as a Finsler gravity induced by a generating function
of type F = 3F + 4F. In the limit θ → 0, for any solution θ˚g, there
is a scheme of two nonholonomic transforms which allows us to rewrite the
Schwarzschild solution and its noncommutative/nonholonomic deformations
as a Finsler metric θf .
16see details in [20]
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6 Concluding Remarks
In this paper we have constructed new classes of exact solutions with
generic off–diagonal metrics depending on a noncommutative parameter θ.
In particular we have studied nonholonomic noncommutative deformations
of Schwarzschild metrics which can induced by effective energy–momentum
tensors/ effective cosmological constants and/or nonholonomic vacuum grav-
itational distributions. Such classes of solutions define complex Finsler
spacetimes, induced parametrically from Einstein gravity, which can be
equivalently modeled as complex Riemannian manifolds enabled with non-
holonomic distributions. We provided a procedure of extracting stationary
black hole configurations with ellipsoidal symmetry and possible solitonic
deformations.
In the presence of noncommutativity the nonholonomic frame structure
and matter energy–momentum tensor have contributions from the noncom-
mutative parameter. The anholonomic frame method of constructing exact
solutions in gravity allows us to define real (pseudo) Finsler configurations if
we choose to work with the canonical distinguished connection. Further re-
strictions on the metric and nonlinear connection coefficients can be chosen
in such a way that we can generate generic off–diagonal solutions on general
relativity.
Our geometric method allows us to consider immersing of different types
of (pseudo) Riemannian metrics, and/or exact solutions in Einstein gravity,
(’prime’ metrics) in noncommutative backgrounds which effectively polarize
the interaction constants, deforms nonholonomically the frame structure,
metrics and connections. The resulting ’target’ metrics are positively con-
structed to solve gravitational field equations but, in general, it is difficult
to understand what kind of physical importance they may have in modern
gravity. We have chosen small rotoid and solitonic noncommutative defor-
mations because can be proven to be stable under perturbations and have
much similarity with stationary black hole solutions in general relativity
[32, 33, 17].
In this work, we emphasized constructions when black hole configura-
tions are imbedded self–consistently into nonholonomic backgrounds induced
by noncommutativity. The main difference from similar ellipsoidal configu-
rations and rotoid black holes considered in Ref. [20] is that, in our case, the
eccentricity is just a dimensionless variant of noncommutative parameter (in
general, we can construct solutions with an infinite number of parameters of
different origins, see details in [18]). So, such types of stationary black hole
solutions are induced by noncommutative deformations with additional non-
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holonomic constraints. They are different from all those outlined in review
[1] and Refs. [2, 5, 28, 29, 30, 31] (those classes of noncommutative solutions
can be extracted from more general nonholonomic ones, constructed in our
works, as certain holonomic configurations).
Finally, we emphasize that the provided noncommutative generalization
of the anholonomic frame method can be applied to various types of com-
mutative and noncommutative (in general, nonsymmetric) models of gauge
[8, 17] and string/brane gravity [38], Ricci flows [7, 35, 36, 37] and nonholo-
nomic quantum deformations of Einstein gravity [39, 40, 41] as we empha-
sized in Refs. [6, 19, 9]). All parameters of classical and quantum deforma-
tions and/or of flow evolution, physical constants and coefficients of metrics
and connections, considered in those works, can be redefined to contain
effective noncommutative constants and polarizations.
Acknowledgement: S. V. is grateful to M. Anastasiei and G. Zet
for important discussions on nonholonomic geometry and noncommutative
gauge gravity and related exact solutions.
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Abstract
We study Finsler black holes induced from Einstein gravity as pos-
sible effects of quantum spacetime noncommutativity. Such Finsler
models are defined by nonholonomic frames not on tangent bundles
but on (pseudo) Riemannian manifolds being compatible with stan-
dard theories of physics. We focus on noncommutative deformations
of Schwarzschild metrics into locally anisotropic stationary ones with
spherical/rotoid symmetry. There are derived the conditions when
black hole configurations can be extracted from two classes of exact
solutions depending on noncommutative parameters. The first class of
metrics is defined by nonholonomic deformations of the gravitational
vacuum by noncommutative geometry. The second class of such so-
lutions is induced by noncommutative matter fields and/or effective
polarizations of cosmological constants.
Keywords: Noncommutative geometry, gravity and noncommu-
tative generalizations, nonholonomic manifolds and nonlinear connec-
tions, Finsler–Lagrange geometry, black holes and ellipsoids.
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1 Introduction
The study of noncommutative black holes is an active topic in both grav-
ity physics and modern geometry, see Ref. [1] for a recent review of results.
∗sergiu.vacaru@uaic.ro, Sergiu.Vacaru@gmail.com;
http://www.scribd.com/people/view/1455460-sergiu
1
Noncommutative geometry, quantum gravity and string/ brane theory ap-
pear to be connected strongly in low energy limits. We can model physical
effects in such theories using deformations on noncommutative parameters
of some classes of exact and physically important solutions in general rela-
tivity.
There were elaborated different approaches to quantum field theory (in-
cluding gauge and gravity models) on noncommutative spaces using, for
instance, the simplest example of a Moyal–Weyl spacetime, with and with-
out Seiberg–Witten maps and various applications in cosmology and black
hole physics, see [2, 3, 4, 5] and references therein. Our constructions are
based on the nonlinear connection formalism and Finsler geometry methods
in commutative and noncommutative geometry [6, 7]. They were applied to
generalized Seiberg–Witten theories derived for the Einstein gravity equiva-
lently reformulated (at classical level, using nonholonomic constraints) and/
or generalized as certain models of Poincare´ de Sitter gauge gravity [8], see
also extensions to nonholonomic (super) gravity/string gravity theories and
[9]. Here we note that there were also elaborated different models of non-
commutative gauge gravity theories [10, 11, 12, 13, 14, 15, 16] based on
generalizations of some commutative/ complex/ nonsymmetric geometries.
Our approach was oriented to unify the constructions on commutative and
noncommutative gravity theories in the language of geometry of nonholo-
nomic manifolds/ bundle spaces1.
In Ref. [17], following the so–called anholonomic deformation method
(see recent reviews [18, 19]), we provided the first examples of black hole/
ellipsoid/ toroidal solutions in noncommutative and/or nonholonomic vari-
ables in Einstein gravity and gauge and string gravity generalizations.2 The
1In modern geometry and applications to physics and mechanics, there are used also
equivalent terms like anholonomic and non–integrable manifolds; for our purposes, it is
convenient to use all such terms. A pair (V,N ), where V is a manifold and N is a
nonintegrable distribution on V, is called a nonholonomic manifold.
2The anholonomic deformation method should be not confused with the Cartan’s mov-
ing frame method even in the first case ”moving frames” can be also included. In our ap-
proach, we consider arbitrary real/complex, in general, noncommutative/supersymmetric
nonholonomic distributions on certain manifolds and adapt the geometric constructions
with respect to such distributions. This results in (nonlinear) deformations of connection
and metric structures, which is not the case for moving frames, when geometric objects are
re–defined with respect to moving/different systems of reference. Selecting some conve-
nient nonholonomic distributions, we obtain separations of equations and reparametriza-
tions of variables in some physically important nonlinear systems of partial differential
equations which allows us to integrate such systems in general forms. Then constraining
correspondingly certain general solutions, we select some subclasses of exact solutions, for
instance, in general relativity.
2
bulk of metrics for noncommutative black holes reviewed in [1] can be in-
cluded as certain holonomic (non) commutative configurations of nonholo-
nomic solutions. This provides additional arguments that a series of im-
portant physical effects for noncommutative black holes can be derived by
using nonholonomic and/ or noncommutative deformations of well known
solutions in general relativity.
In this article, we study two classes of Finsler type black hole solutions,
with zero and non–zero matter field sources/ cosmological constant, induced
by noncommutative anholonomic variables3 in Einstein gravity. Especially,
we wish to point out that such nonholonomic configurations may ”survive”
even in the classical (commutative) limits and that Finsler type variables
can be considered both in noncommutative gravity (defining complex non-
holonomic distributions) and in Einstein gravity (stating some classes of real
nonholonomic distributions).
Noncommutative relations on coordinates positively result in generic off–
diagonal metrics.4 The possibility to formulate a geometric method of sys-
tematical derivation of exact solutions for noncommutative deformations of
general relativity brings a number of new physical insights. For instance,
we can generate new classes of noncommutative Finsler like black hole so-
lutions which are more general than the well known Kerr solutions (when
the off–diagonal terms of metric can be modelled by rotation frames/ co-
ordinates) and depend on noncommutative parameters. Such black hole
objects can be considered for models of Finsler gravity on tangent bundles
(with metrics and connections depending on ”velocities”), as nonholonomic
configurations in Einstein gravity and generalizations and/or extended to
complex distributions in noncommutative gravity. This allows us to exam-
ine important features concerning deformations of horizons and topologies
of locally anisotropic and/or noncommutative black holes, their stability,
phase structure and transitions, singularities and symmetries, quantum cor-
rections, self–consistent imbedding into nontrivial solitonic backgrounds etc.
In this context a systematical search of possible solutions in noncom-
mutative generalizations of Einstein gravity is of great significance. Using
the fact that any type of noncommutative coordinate relations, and other
structures like star product, noncommutative symmetries etc, can be consid-
ered as certain complex distributions on a (pseudo) Riemannian manifold, or
vector/tangent bundle, we can apply the formalism of nonlinear connections
3let us say to be defined by certain quantum corrections in quasi–classical limits of
quantum gravity models
4such metrics can not be diagonalized by coordinate transforms, see below formulas
(1) and (10)
3
and adapted geometric constructions originally developed in Finsler and La-
grange geometry. The resulting anholonomic deformation method provides
us not only a new technique for finding solutions in certain gravity theories
but also a promising unified geometric scheme to (in general, nonholonomic)
Ricci flow theory [7, 20, 21, 22], deformation and A–brane quantization of
gravity [23, 24, 25, 26] and possible applications in modern particle physics.
The content of this work is as follows. In section 2 we outline the geome-
try of complex nonholonomic distributions defining noncommutative gravity
models. Section 3 is devoted to a generalization of the anholonomic frame
method for constructing exact solutions with noncommutative parameter.
There are formulated the conditions when such solutions define effective
off–diagonal metrics in Einstein gravity. We analyze noncommutative non-
holonomic deformations of Schwarzschild spacetimes in section 4 (being con-
sidered vacuum configurations, with nontrivial matter sources and with non-
commutative ellipsoidal symmetries). In section 5 we provide a procedure
of extracting black hole and rotoid configurations for small noncommuta-
tive parameters. We show how (non) commutative gravity models can be
described using Finsler variables. Finally, in section 6 there are formulated
the conclusions of this work.
2 Complex Nonholonomic Distributions and Non-
commutative Gravity Models
There exist many formulations of noncommutative geometry/gravity
based on nonlocal deformation of spacetime and field theories starting from
noncommutative relations of type
uαuβ − uβuα = iθαβ, (1)
where uα are local spacetime coordinates, i is the imaginary unity, i2 = −1,
and θαβ is an anti–symmetric second–rank tensor (which, for simplicity,
for certain models, is taken to be with constant coefficients). Following
our unified approach to (pseudo) Riemannian and Finsler–Lagrange spaces
[19, 17, 6] (using the geometry of nonholonomic manifolds) we consider that
for θαβ → 0 the local coordinates uα are on a four dimensional (4-d) non-
holonomic manifold V of necessary smooth class. Such spacetimes can be
enabled with a conventional 2 + 2 splitting (defined by a nonholonomic,
equivalently, anholonomic/ non–integrable real distribution), when local co-
ordinates u = (x, y) on an open region U ⊂ V are labelled in the form
uα = (xi, ya), with indices of type i, j, k, ... = 1, 2 and a, b, c... = 3, 4. The
4
coefficients of tensor like objects on V can be computed with respect to a
general (non–coordinate) local basis eα = (ei, ea).
5
For our purposes, we consider a subclass of nonholonomic manifolds V,
called N–anholononomic spaces (spacetimes, for corresponding signatures),
enabled with a nonintegrable distribution stating a conventional horizontal
(h) space, (hV) , and vertical (v) space, (vV) ,
TV = hV ⊕ vV (2)
which by definition determines a nonlinear connection (N–connection) struc-
tureN = Nai (u)dx
i⊗dya, see details in [29, 30, 19, 17, 6]. On a commutative
V, any (prime) metric g = gαβe
α ⊗ eβ (a Schwarzschild, ellipsoid, ring or
other type solution, their conformal transforms and nonholonomic deforma-
tions which, in general, are not solutions of the Einstein equations) can be
parametrized in the form
g = gi(u)dx
i ⊗ dxi + ha(u)ea ⊗ ea, (3)
eα = eαα(u)du
α =
(
ei = dxi, ea = dya +Nai dx
i
)
. (4)
The nonholonomic frame structure is characterized by relations
[eα, eβ] = eαeβ − eβeα = wγαβeγ , (5)
where
eα = e
α
α (u)∂/∂u
α =
(
ei = ∂/∂x
i −Nai ∂/∂ya, eb = ∂/∂yb
)
(6)
are dual to (4). The nontrivial anholonomy coefficients are determined by
the N–connection coefficients N = {Nai } following formulas wbia = ∂aN bi and
waji = Ω
a
ij, where
Ωaij = ej (N
a
i )− ei
(
Naj
)
(7)
define the coefficients of N–connection curvature.6
On a N–anholonomic manifold, it is convenient to work with the so–
called canonical distinguished connection (in brief, canonical d–connection
5If V = TM is the total space of a tangent bundle (TM, π,M) on a two dimensional
(2–d) base manifold M, the values xi and ya are respectively the base coordinates (on
a low–dimensional space/ spacetime) and fiber coordinates (velocity like). Alternatively,
we can consider that V = V is a 4–d nonholonomic manifold (in particular, a pseudo–
Riemannian one) with local fibered structure.
6We use boldface symbols for spaces (and geometric objects on such spaces) enabled
with N–connection structure. Here we note that the particular holonomic/ integrable case
is selected by the integrability conditions wγαβ = 0.
5
D̂ = {Γ̂γαβ}) which is metric compatible, D̂g = 0, and completely defined
by the coefficients of a metric g (3) and a N–connection N, subjected to
the condition that the so–called h– and v–components of torsion are zero.7
Using deformation of linear connections formula Γγαβ = Γ̂
γ
αβ + Z
γ
αβ ,
where ∇ = { Γγαβ} is the Levi–Civita connection (this connection is metric
compatible, torsionless and completely defined by the coefficients of the
same metric structure g), we can perform all geometric constructions in
two equivalent forms: applying the covariant derivative D̂ and/or ∇. This
is possible because all values Γ, Γ̂ and Z are completely determined in
unique forms by g for a prescribed nonholonomic splitting, see details and
coefficient formulas in Refs. [27, 19, 17, 6].
Any class of noncommutative relations (1) on a N–anholonomic space-
timeV defines additionally a complex distribution and transforms this space
into a complex nonholonomic manifold θV.8 We shall follow the approach to
noncommutative geometry based on the Groenewold–Moyal product (star
product, or ⋆–product) [31, 32] inspired by the foundations of quantum me-
chanics [33, 34]. For the Einstein gravity and its equivalent lifts on de Sit-
ter/affine bundles and various types of noncommutative Lagrange–Finsler
geometries, we defined star products adapted to N–connection structures
[8, 9, 17], see also [7] and Part III in [6] on alternative approaches with non-
holonomic Dirac operators and Ricci flows of noncommutative geometries.
In general, such constructions are related to deformations of the commu-
tative algebra of bounded (complex valued) continuous functions C(V) on
V into a (noncommutative) algebra θA(V). There were considered differ-
ent constructions of θA corresponding to different choices of the so–called
”symbols of operators”, see details and references in [2, 3, 33, 34], and the
extended Weyl ordered symbolW, to get an algebra isomorphism with prop-
erties
W[ 1f ⋆ 2f ] ≡ W[ 1f ]W[ 2f ] = 1fˆ 2fˆ ,
for 1f, 2f ∈ C(V) and 1fˆ , 2fˆ ∈ θA(V), when the induced ⋆–product
7by definition, a d–connection is a linear connection preserving under parallelism a
given N–connection splitting (2); in general, a d–connection has a nontrivial torsion tensor
but for the canonical d–connection the torsion is induced by the anholonomy coefficients
which in their turn are defined by certain off–diagonal N–coefficients in the corresponding
metric
8Here we note that a noncommutative distribution of type (1) mixes the h– and v–
components, for instance, of coordinates xi and ya. Nevertheless, it is possible to redefine
the constructions in a language of projective modules with certain conventional irreversible
splitting of type T θV = h θV⊕ v θV, see details in [7] and Part III in [6]. Here we also
note that we shall use the label θ both for tensor like values θαβ, or a set of parameters,
for instance, θδαβ .
6
is associative and noncommutative. Such a product can be introduced on
nonholonomic manifolds [8, 9, 17] using the N–elongated partial derivatives
(6),
1fˆ ⋆ 2fˆ =
∞∑
k=0
1
k!
(
i
2
)k
θα1β1 . . . θαkβkeα1 . . . eαk
1f(u) eβ1 . . . eβk
2f(u). (8)
For nonholonomic configurations, we have two types of ”noncommutativity”
given by relations (1) and (5).
For a noncommutative nonholonomic spacetime model θV of a spacetime
V, we can derive a N–adapted local frame structure θeα = (
θei,
θea)
which can be constructed by noncommutative deformations of eα,
θe αα = e
α
α + iθ
α1β1e
α
α α1β1
+ θα1β1θα2β2e
α
α α1β1α2β2
+O(θ3), (9)
θeα⋆α = e
α
α + iθ
α1β1eααα1β1 + θ
α1β1θα2β2eααα1β1α2β2 +O(θ3),
subjected to the condition θeα⋆α ⋆
θe
β
α = δ
β
α , for δ
β
α being the Kro-
necker tensor, where e
α
α α1β1
and e
α
α α1β1α2β2
can be written in terms of
e
α
α , θαβ and the spin distinguished connection corresponding to D̂. Such
formulas were introduced for noncommutative deformations of the Einstein
and Sitter/ Poincare´ like gauge gravity [8, 9] and complex gauge gravity [11]
and then generalized for noncommutative nonholonomic configurations in
string/brane and generalized Finsler theories in Part III in [6] and [17, 7] (we
note that we can also consider alternative expansions in ”non” N–adapted
form working with the spin connection corresponding to the Levi–Civita
connection).
The noncommutative deformation of a metric (3), g → θg, can be
defined in the form
θgαβ =
1
2
ηαβ
[
θe αα ⋆
(
θe
β
β
)+
+ θe
β
β ⋆
(
θe αα
)+]
, (10)
where (. . .)+ denotes Hermitian conjugation and ηαβ is the flat Minkowski
space metric. In N–adapted form, as nonholonomic deformations, such
metrics were used for constructing exact solutions in string/gauge/Einstein
and Lagrange–Finsler metric–affine and noncommutative gravity theories in
Refs. [6, 17]. In explicit form, formula (10) was introduced in [5] for de-
compositions of type (9) performed for the spin connection corresponding to
the Levi–Civita connection. In our approach, the ”boldface” formulas allow
7
us to extend the formalism to various types of commutative and noncom-
mutative nonholonomic and generalized Finsler spaces and to compute also
noncommutative deforms of N–connection coefficients.
The target metrics resulting after noncommutative nonholonomic trans-
forms (to be investigated in this work) can be parametrized in general form
θg = θgi(u, θ)dx
i ⊗ dxi + θha(u, θ) θea ⊗ θea, (11)
θeα = θeαα(u, θ)du
α =
(
ei = dxi, θea = dya + θNai (u, θ)dx
i
)
,
where it is convenient to consider conventional polarizations η...... when
θgi = ηˇi(u, θ)gi,
θha = ηˇa(u, θ)ha,
θNai (u, θ) = ηˇ
a
i (u, θ)N
a
i , (12)
for gi, ha, N
a
i given by a prime metric (3). How to construct exact solutions
of gravitational and matter field equations defined by very general ansatz of
type (11), with coefficients depending on arbitrary parameters θ and various
types of integration functions, in Einstein gravity and (non)commutative
string/gauge/Finsler etc like generalizations, is considered in Refs. [18, 6,
17, 19, 27, 28].
In this work, we shall analyze noncommutative deformations induced by
(1) for a class of four dimensional (4–d (pseudo) Riemannian) metrics (or
2–d (pseudo) Finsler metrics) defining (non) commutative Finsler–Einstein
spaces as exact solutions of the Einstein equations,
θÊij =
θ
hΥ(u)δ
i
j, Ê
a
b =
θ
vΥ(u)δ
a
b,
θÊia =
θÊai = 0, (13)
where θÊαβ = { θÊij, θÊia, θÊai, θÊab} are the components of the Einstein
tensor computed for the canonical distinguished connection (d–connection)
θD̂, see details in [27, 19, 18, 6] and, on Finsler models on tangent bundles,
[29, 30]. Functions θhΥ and
θ
vΥ are considered to be defined by certain
matter fields in a corresponding model of (non) commutative gravity. The
geometric objects in (13) must be computed using the ⋆–product (8) and the
coefficients contain in general the complex unity i. Nevertheless, it is possible
to prescribe such nonholonomic distributions on the ”prime” V when, for
instance,
Êij(u)→ Êij(u, θ), θhΥ(u)→ hΥ(u, θ), . . .
and we get generalized Lagrange–Finsler and/or (pseudo) Riemannian ge-
ometries, and corresponding gravitational models, with parametric depen-
dencies of geometric objects on θ.
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Solutions of nonholonomic equations (13) are typical ones for the Finsler
gravity with metric compatible d–connections9 or in the so–called Einste-
ing/string/brane/gauge gravity with nonholonomic/Finsler like variables.
In the standard approach to the Einstein gravity, when D̂→ ∇, the Einstein
spaces are defined by metrics g as solutions of the equations
Eαβ = Υαβ, (14)
where Eαβ is the Einstein tensor for ∇ and Υαβ is proportional to the
energy–momentum tensor of matter in general relativity. Of course, for
noncommutative gravity models in (14), we must consider values of type
θ∇, θE, θΥ etc. Nevertheless, for certain general classes of ansatz of
primary metrics g on aV we can reparametrize such a way the nonholonomic
distributions on corresponding θV that θg(u) = g˜(u, θ) are solutions of (13)
transformed into a system of partial differential equations (with parametric
dependence of coefficients on θ) which after certain further restrictions on
coefficients determining the nonholonomic distribution can result in generic
off–diagonal solutions for general relativity.10
3 General Solutions with Noncommutative Param-
eters
A noncommutative deformation of coordinates of type (1) defined by
θ together with correspondingly stated nonholonomic distributions on θV
9We emphasize that Finlser like coordinates can be considered on any (pseudo), or
complex Riemannian manifold and inversely, see discussions in [19, 27]. A real Finsler
metric f = {f αβ} can be parametrized in the canonical Sasaki form
f = fijdx
i ⊗ dxj + fab
c
e
a ⊗ ceb, cea = dya + cNai dx
i,
where the Finsler configuration is defied by 1) a fundamental real Finsler (generating)
function F (u) = F (x, y) = F (xi, ya) > 0 if y 6= 0 and homogeneous of type F (x, λy) =
|λ|F (x, y), for any nonzero λ ∈ R, with positively definite Hessian fab =
1
2
∂2F2
∂ya∂yb
, when
det | fab| 6= 0, see details in [27, 19]. The Cartan canonical N–connection structure
c
N =
{ cNai } is defined for an effective Lagrangian L = F
2 as cNai =
∂Ga
∂y2+i
with Ga =
1
4
fa 2+i
(
∂2L
∂y2+i∂xk
y2+k − ∂L
∂xi
)
, where fab is inverse to fab and respective contractions
of horizontal (h) and vertical (v) indices, i, j, ... and a, b..., are performed following the
rule: we can write, for instance, an up v–index a as a = 2 + i and contract it with a low
index i = 1, 2. In brief, we shall write yi instead of y2+i, or ya. Such formulas can be re–
defined on complex manifolds/bundles for various types of complex Finsler/Riemannian
geometries/gravity models.
10the metrics for such spacetimes can not diagonalized by coordinate transforms
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transform prime metrics g (for instance, a Schwarzschild solution on V)
into respective classes of target metrics θg = g˜ as solutions of Finsler type
gravitational field equations (13) and/or standard Einstein equations (14)
in general gravity. The goal of this section is to show how such solutions
and their noncommutative/nonholonomic transforms can be constructed in
general form for vacuum and non–vacuum locally anisotropic configurations.
We parametrize the noncommutative and nonholonomic transform of a
metric g (3) into a θg = g˜ (11) resulting from formulas (9), and (10) and
expressing of polarizations in (12), as ηˇα(u, θ) = η`α(u) + η˚α(u)θ
2+O(θ4) in
the form
θgi = g`i(u) + g˚i(u)θ
2 +O(θ4), θha = h`a(u) + h˚a(u)θ2 +O(θ4),
θN3i =
θwi(u, θ),
θN4i =
θni(u, θ), (15)
where g`i = gi and h`a = ha for η`α = 1, but for general η`α(u) we get nonholo-
nomic deformations which do not depend on θ.
3.1 Nonholonomic Einstein equations depending on noncom-
mutative parameter
The gravitational field equations (13) for a metric (11) with coefficients
(15) and sources of type
θΥαβ = [Υ
1
1 = Υ2(x
i, v, θ),Υ22 = Υ2(x
i, v, θ),Υ33 = Υ4(x
i, θ),Υ44 = Υ4(x
i, θ)]
(16)
transform into this system of partial differential equations11:
θR̂11 =
θR̂22 =
1
2 θg1 θg2
× (17)[
θg•1
θg•2
2 θg1
+
( θg•2)
2
2 θg2
− θg••2 +
θg
′
1
θg
′
2
2 θg2
+
( θg
′
1)
2
2 θg1
− θg′′1
]
= −Υ4(xi, θ),
θŜ33 =
θŜ44 =
1
2 θh3 θh4
× (18)[
θh∗4
(
ln
√
| θh3 θh4|
)∗
− θh∗∗4
]
= −Υ2(xi, v, θ),
11see similar details on computing the Ricci tensor coefficients θR̂αβ for the canonical
d–connection D̂ in Parts II and III of [6] and reviews [18, 19], revising those formulas for
the case when the geometric objects depend on noncommutative parameter θ
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θR̂3i = − θwi β
2 θh4
− αi
2 θh4
= 0, (19)
θR̂4i = −
θh3
2 θh4
[
θn∗∗i + γ
θn∗i
]
= 0, (20)
where, for θh∗3,4 6= 0,
αi =
θh∗4∂iφ, β =
θh∗4 φ
∗, γ =
3 θh∗4
2 θh4
−
θh∗3
θh3
,
φ = ln | θh∗3/
√
| θh3 θh4||, (21)
when the necessary partial derivatives are written in the form a• = ∂a/∂x1,
a′ = ∂a/∂x2, a∗ = ∂a/∂v. In the vacuum case, we must consider Υ2,4 = 0.
Various classes of (non) holonomic Einstein, Finsler–Einstein and general-
ized spaces can be generated if the sources (16) are taken Υ2,4 = λ, where
λ is a nonzero cosmological constant, see examples of such solutons in Refs.
[17, 27, 19, 28, 18, 6].
3.2 Exact solutions for the canonical d–connection
Let us express the coefficients of a target metric (11), and respective
polarizations (12), in the form
θgk = ǫke
ψ(xi,θ), (22)
θh3 = ǫ3h
2
0(x
i, θ)
[
f∗
(
xi, v, θ
)]2 |ς (xi, v, θ) | ,
θh4 = ǫ4
[
f
(
xi, v, θ
) − f0(xi, θ)]2 ,
θN3k = wk
(
xi, v, θ
)
, θN4k = nk
(
xi, v, θ
)
,
with arbitrary constants ǫα = ±1, and h∗3 6= 0 and h∗4 6= 0, when f∗ =
0.12 By straightforward verification, or following methods outlined in Refs.
[18, 6, 17, 19], we can prove that any off–diagonal metric
θ
◦g = e
ψ
[
ǫ1 dx
1 ⊗ dx1 + ǫ2 dx2 ⊗ dx2
]
+ǫ3h
2
0 [f
∗]2 |ς| δv ⊗ δv + ǫ4 [f − f0]2 δy4 ⊗ δy4,
δv = dv + wk
(
xi, v, θ
)
dxk, δy4 = dy4 + nk
(
xi, v, θ
)
dxk, (23)
12The reason to chose such forms of parametrizations is that they generate very general
classes of exact solutions in general relativity and Finsler gravity theories with one Killing
vector symmetry, see details in [6, 19]. We proved in Ref. [18] that such solutions can be
generalized to possess dependencies on certain families of real parameters. In this work,
we modify the constructions for metrics when such θ–parameters are for noncommutative
deformations.
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defines an exact solution of the system of partial differential equations (17)–
(20), i.e. of the Einstein equation for the canonical d–connection (13) for a
metric of type (11) with the coefficients of form (22), if there are satisfied
the conditions13:
1. function ψ is a solution of equation ǫ1ψ
•• + ǫ2ψ
′′
= Υ4;
2. the value ς is computed following formula
ς
(
xi, v, θ
)
= ς[0]
(
xi, θ
)− ǫ3
8
h20(x
i, θ)
∫
Υ2f
∗ [f − f0] dv
and taken ς = 1 for Υ2 = 0;
3. for a given source Υ4, the N–connection coefficients are computed fol-
lowing the formulas
wi
(
xk, v, θ
)
= −∂iς/ς∗, (24)
nk
(
xk, v, θ
)
= 1nk
(
xi, θ
)
+ 2nk
(
xi, θ
) ∫ [f∗]2 ςdv
[f − f0]3
, (25)
and wi
(
xk, v, θ
)
are arbitrary functions if ς = 1 for Υ2 = 0.
It should be emphasized that such solutions depend on arbitrary non-
trivial functions f (with f∗ 6= 0), f0, h0, ς[0], 1nk and 2nk, and sources Υ2
and Υ4. Such values for the corresponding quasi–classical limits of solutions
to metrics of signatures ǫα = ±1 have to be defined by certain boundary
conditions and physical considerations.
Ansatz of type (11) for coefficients (22) with h∗3 = 0 but h
∗
4 6= 0 (or,
inversely, h∗3 6= 0 but h∗4 = 0) consist more special cases and request a bit
different method of constructing exact solutions, see details in [6].
3.3 Off–diagonal solutions for the Levi–Civita connection
The solutions for the gravitational field equations for the canonical d–
connection (which can be used for various models of noncommutative Finsler
13we put the left symbol ”◦” in order to emphasize that such a metric is a solution of
gravitational field equations
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gravity and generalizations) presented in the previous subsection can be con-
strained additionally and transformed into solutions of the Einstein equa-
tions for the Levi–Civita connection (14), all depending, in general, on pa-
rameter θ. Such classes of metrics are of type
θ
◦g = e
ψ(xi,θ)
[
ǫ1 dx
1 ⊗ dx1 + ǫ2 dx2 ⊗ dx2
]
(26)
+h3
(
xi, v, θ
)
δv ⊗ δv + h4
(
xi, v, θ
)
δy4 ⊗ δy4,
δv = dv + w1
(
xi, v, θ
)
dx1 +w2
(
xi, v, θ
)
dx2,
δy4 = dy4 + n1
(
xi, θ
)
dx1 + n2
(
xi, θ
)
dx2,
with the coefficients restricted to satisfy the conditions
ǫ1ψ
•• + ǫ2ψ
′′
= Υ4, h
∗
4φ/h3h4 = Υ2, (27)
w′1 − w•2 + w2w∗1 − w1w∗2 = 0, n′1 − n•2 = 0,
for wi = ∂iφ/φ
∗, see (21), for given sources Υ4(x
k, θ) and Υ2(x
k, v, θ). We
note that the second equation in (27) relates two functions h3 and h4 and the
third and forth equations from the mentioned conditions select such nonholo-
nomic configurations when the coefficients of the canonical d–connection and
the Levi–Civita connection are the same with respect to N–adapted frames
(4) and (6), even such connections (and corresponding derived Ricci and
Riemannian curvature tensors) are different by definition.
Even the ansatz (26) depends on three coordinates (xk, v) and noncom-
mutative parameter θ, it allows us to construct more general classes of so-
lutions with dependence on four coordinates if such metrics can be related
by chains of nonholonomic transforms.
4 Noncommutative Nonholonomic Deformations
of Schwarzschild Metrics
Solutions of type (23) and/or (26) are very general ones induced by non-
commutative nonholonomic distributions and it is not clear what type of
physical interpretation can be associated to such metrics. In this section,
we analyze certain classes of nonholonomic constraints which allows us to
construct black hole solutions and noncommutative corrections to such so-
lutions.
The goal of this subsection is to formulate the conditions when spheri-
cal symmetric noncommutative (Schwarzschild type) configurations can be
extracted.
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4.1 Vacuum noncommutative nonholonomic configurations
In the simplest case, we analyze a class of holonomic noncommutative
deformations, with θp N
a
i = 0,
14 of the Schwarzschild metric
Schg = pg1dr ⊗ dr + pg2 dϑ⊗ dϑ+ ph3 dϕ⊗ dϕ+ ph4 dt⊗ dt,
pg1 = −
(
1− α
r
)−1
, pg2 = −r2, ph3 = −r2 sin2 ϑ, ph4 = 1− α
r
,
written in spherical coordinates uα = (x1 = ξ, x2 = ϑ, y3 = ϕ, y4 = t) for
α = 2Gµ0/c
2, correspondingly defined by the Newton constant G, a point
mass µ0 and light speed c. Taking
pg`i = pgi, h`a = pha, (28)
p˚g1 = − α(4r − 3α)
16r2(r − α)2 , p˚g2 = −
2r2 − 17α(r − α)
32r(r − α) ,
p˚h3 = −(r
2 + αr − α2) cos ϑ− α(2r − α)
16r(r − α) , p˚h4 = −
α(8r − 11α)
16r4
,
for
θ
p gi = pg`i + p˚giθ
2 +O(θ4), θp ha = ph`a + p˚haθ2 +O(θ4),
we get a ”degenerated” case of solutions (23), see details in Refs. [18, 6, 17,
19], because θp h
∗
a = ∂
θ
p ha/∂ϕ = 0 which is related to the case of holonomic/
integrable off–diagonal metrics. For such metrics, the deformations (28) are
just those presented in Refs. [35, 5, 1].
A more general class of noncommutative deformations of the Schwarz-
schild metric can be generated by nonholonomic transform of type (12)
when the metric coefficients polarizations, ηˇα, and N–connection coefficients,
θ
p N
a
i , for
θ
q gi = ηˇi(r, ϑ, θ) pgi,
θ
qha = ηˇa(r, ϑ, ϕ, θ) pha,
θ
qN
3
i = wi(r, ϑ, ϕ, θ),
θ
qN
4
i = ni(r, ϑ, ϕ, θ),
are constrained to define a metric (23) for Υ4 = Υ2 = 0. The coefficients
of such metrics, computed with respect to N–adapted frames (4) defined by
14computed in Ref. [35]
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θ
qN
a
i , can be re–parametrized in the form
θ
q gk = ǫke
ψ(r,ϑ,θ) = pg`k + δ pg`k + ( p˚gk + δ p˚gk)θ
2 +O(θ4); (29)
θ
qh3 = ǫ3h
2
0 [f
∗(r, ϑ, ϕ, θ)]2 =(
ph`3 + δ ph`3
)
+
(
p˚h3 + δ p˚h3
)
θ2 +O(θ4), h0 = const 6= 0;
θ
qh4 = ǫ4 [f(r, ϑ, ϕ, θ)− f0(r, ϑ, θ)]2 =(
ph`4 + δ ph`4
)
+
(
p˚h4 + δ p˚h4
)
θ2 +O(θ4),
where the nonholonomic deformations δ pg`k, δ p˚gk, δ ph`a, δ p˚ha are for corre-
spondingly given generating functions ψ(r, ϑ, θ) and f(r, ϑ, ϕ, θ) expressed
as series on θ2k, for k = 1, 2, .... Such coefficients define noncommutative
Finsler type spacetimes being solutions of the Einstein equations for the
canonical d–connection. They are determined by the (prime) Schwarzschild
data pgi and pha and certain classes on noncommutative nonholonomic dis-
tributions defining off–diagonal gravitational interactions. In order to get
solutions for the Levi–Civita connection, we have to constrain (29) addition-
ally in a form to generate metrics of type (26) with coefficients subjected to
conditions (27) for zero sources Υα.
4.2 Noncommutative deformations with nontrivial sources
In the holonomic case, there are known such noncommutative general-
izations of the Schwarzschild metric (see, for instance, Ref. [36, 37, 38] and
review [1]) when
ncSg = ⊺g1dr ⊗ dr + ⊺g2 dϑ⊗ dϑ+ ⊺h3 dϕ⊗ dϕ+ ⊺h4 dt⊗ dt,
⊺g1 = −
(
1− 4µ0γ√
πr
)−1
, ⊺g2 = −r2, (30)
⊺h3 = −r2 sin2 ϑ, ⊺h4 = 1− 4µ0γ√
πr
,
for γ being the so–called lower incomplete Gamma function
γ(
3
2
,
r2
4θ
) +
∫ r2
0
p1/2e−pdp,
is the solution of a noncommutative version of the Einstein equation
θEαβ =
8πG
c2
θTαβ ,
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where θEαβ is formally left unchanged (i.e. is for the commutative Levi–
Civita connection in commutative coordinates) but
θTαβ =

−p1
−p⊥
−p⊥
ρθ
 (31)
with p1 = −ρθ and p⊥ = −ρθ − r2∂rρθ(r) is taken for a self–gravitating,
anisotropic fluid–type matter modeling noncommutativity.
Via nonholonomic deforms, we can generalize the solution (30) to off–
diagonal metrics of type
ncS
θ g = −eψ(r,ϑ,θ) [ dr ⊗ dr + dϑ⊗ dϑ] (32)
−h20 [f∗(r, ϑ, ϕ, θ)]2 |ς(r, ϑ, ϕ, θ)| δϕ ⊗ δϕ
+ [f(r, ϑ, ϕ, θ)− f0(r, ϑ, θ)]2 δt⊗ δt,
δϕ = dϕ+ w1(r, ϑ, ϕ, θ)dr + w2(r, ϑ, ϕ, θ)dϑ,
δt = dt+ n1(r, ϑ, ϕ, θ)dr + n2(r, ϑ, ϕ, θ)dϑ,
being exact solutions of the Einstein equation for the canonical d–connection
(13) with locally anisotropically self–gravitating source
θΥαβ = [Υ
1
1 = Υ
2
2 = Υ2(r, ϑ, ϕ, θ),Υ
3
3 = Υ
4
4 = Υ4(r, ϑ, θ)].
Such sources should be taken with certain polarization coefficients when
Υ ∼ ηT is constructed using the matter energy–momentum tensor (31).
The coefficients of metric (32) are computed to satisfy correspondingly
the conditions:
1. function ψ(r, ϑ, θ) is a solution of equation ψ•• + ψ
′′
= −Υ4;
2. for a nonzero constant h20, and given Υ2,
ς (r, ϑ, ϕ, θ) = ς[0] (r, ϑ, θ) + h
2
0
∫
Υ2f
∗ [f − f0] dϕ;
3. the N–connection coefficients are
wi (r, ϑ, ϕ, θ) = −∂iς/ς∗,
nk (r, ϑ, ϕ, θ) =
1nk (r, ϑ, θ) +
2nk (r, ϑ, θ)
∫
[f∗]2 ς
[f − f0]3
dϕ.
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The above presented class of metrics describes nonholonomic deforma-
tions of the Schwarzschild metric into (pseudo) Finsler configurations in-
duced by the noncommutative parameter. Subjecting the coefficients of (32)
to additional constraints of type (27) with nonzero sources Υα, we extract a
subclass of solutions for noncommutative gravity with effective Levi–Civita
connection.
4.3 Noncommutative ellipsoidal deformations
In this section, we provide a method of extracting ellipsoidal configu-
rations from a general metric (32) with coefficients constrained to generate
solutions on the Einstein equations for the canonical d–connection or Levi–
Civita connection.
We consider a diagonal metric depending on noncommutative parame-
ter θ (in general, such a metric is not a solution of any gravitational field
equations)
θg = −dξ⊗dξ− r2(ξ) dϑ⊗dϑ− r2(ξ) sin2 ϑ dϕ⊗dϕ+̟2(ξ) dt⊗ dt, (33)
where the local coordinates and nontrivial metric coefficients are parametriz-
ed in the form
x1 = ξ, x2 = ϑ, y3 = ϕ, y4 = t, (34)
gˇ1 = −1, gˇ2 = −r2(ξ), hˇ3 = −r2(ξ) sin2 ϑ, hˇ4 = ̟2(ξ),
for
ξ =
∫
dr
∣∣∣∣1− 2µ0r + θr2
∣∣∣∣1/2 and ̟2(r) = 1− 2µ0r + θr2 .
For θ = 0 and variable ξ(r), this metric is just the the Schwarzschild solution
written in spacetime spherical coordinates (r, ϑ, ϕ, t).
Target metrics are generated by nonholonomic deforms with gi = ηigˇi
and ha = ηahˇa and some nontrivial wi, ni, where (gˇi, hˇa) are given by data
(34) and parametrized by an ansatz of type (32),
θ
ηg = −η1(ξ, ϑ, θ)dξ ⊗ dξ − η2(ξ, ϑ, θ)r2(ξ) dϑ⊗ dϑ (35)
−η3(ξ, ϑ, ϕ, θ)r2(ξ) sin2 ϑ δϕ ⊗ δϕ + η4(ξ, ϑ, ϕ, θ)̟2(ξ) δt⊗ δt,
δϕ = dϕ+ w1(ξ, ϑ, ϕ, θ)dξ +w2(ξ, ϑ, ϕ, θ)dϑ,
δt = dt+ n1(ξ, ϑ, θ)dξ + n2(ξ, ϑ, θ)dϑ;
the coefficients of such metrics are constrained to be solutions of the system
of equations (17)–(20).
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The equation (18) for Υ2 = 0 states certain relations between the coef-
ficients of the vertical metric and respective polarization functions,
h3 = −h20(b∗)2 = η3(ξ, ϑ, ϕ, θ)r2(ξ) sin2 ϑ, (36)
h4 = b
2 = η4(ξ, ϑ, ϕ, θ)̟
2(ξ),
for |η3| = (h0)2|hˇ4/hˇ3|
[(√
|η4|
)∗]2
. In these formulas, we have to chose
h0 = const (it must be h0 = 2 in order to satisfy the condition (27)), where
η4 can be any function satisfying the condition η
∗
4 6= 0. We generate a class
of solutions for any function b(ξ, ϑ, ϕ, θ) with b∗ 6= 0. For classes of solutions
with nontrivial sources, it is more convenient to work directly with η4, for
η∗4 6= 0 but, for vacuum configurations, we can chose as a generating function,
for instance, h4, for h
∗
4 6= 0.
It is possible to compute the polarizations η1 and η2, when η1 = η2r
2 =
eψ(ξ,ϑ), from (17) with Υ4 = 0, i.e. from ψ
•• + ψ′′ = 0.
Putting the above defined values of coefficients in the ansatz (35), we
find a class of exact vacuum solutions of the Einstein equations defining
stationary nonholonomic deformations of the Schwarzschild metric,
εg = −eψ(ξ,ϑ,θ) (dξ ⊗ dξ + dϑ⊗ dϑ) (37)
−4
[(√
|η4(ξ, ϑ, ϕ, θ)|
)∗]2
̟2(ξ) δϕ⊗ δϕ
+η4(ξ, ϑ, ϕ, θ)̟
2(ξ) δt⊗ δt,
δϕ = dϕ+ w1(ξ, ϑ, ϕ, θ)dξ +w2(ξ, ϑ, ϕ, θ)dϑ,
δt = dt+ 1n1(ξ, ϑ, θ)dξ +
1n2(ξ, ϑ, θ)dϑ.
The N–connection coefficients wi and
1ni in (37) must satisfy the last two
conditions from (27) in order to get vacuum metrics in Einstein gravity. Such
vacuum solutions are for nonholonomic deformations of a static black hole
metric into (non) holonomic noncommutative Einstein spaces with locally
anistoropic backgrounds (on coordinate ϕ) defined by an arbitrary function
η4(ξ, ϑ, ϕ, θ) with ∂ϕη4 6= 0, an arbitrary ψ(ξ, ϑ, θ) solving the 2–d Laplace
equation and certain integration functions 1wi(ξ, ϑ, ϕ, θ) and
1ni(ξ, ϑ, θ).
The nonholonomic structure of such spaces depends parametrically on non-
commutative parameter(s) θ.
In general, the solutions from the target set of metrics (35), or (37),
do not define black holes and do not describe obvious physical situations.
Nevertheless, they preserve the singular character of the coefficient ̟2(ξ)
vanishing on the horizon of a Schwarzschild black hole if we take only smooth
integration functions for some small noncommutative parameters θ. We can
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also consider a prescribed physical situation when, for instance, η4 mimics
3–d, or 2–d, solitonic polarizations on coordinates ξ, ϑ, ϕ, or on ξ, ϕ.
5 Extracting Black Hole and Rotoid Configura-
tions
From a class of metrics (37) defining nonholonomic noncommutative de-
formations of the Schwarzschild solution depending on parameter θ, it is
possible to select locally anisotropic configurations with possible physical
interpretation of gravitational vacuum configurations with spherical and/or
rotoid (ellipsoid) symmetry.
5.1 Linear parametric noncommutative polarizations
Let us consider generating functions of type
b2 = q(ξ, ϑ, ϕ) + θ¯s(ξ, ϑ, ϕ) (38)
and, for simplicity, restrict our analysis only with linear decompositions
on a small dimensionless parameter θ¯ ∼ θ, with 0 < θ¯ << 1. This way,
we shall construct off–diagonal exact solutions of the Einstein equations
depending on θ¯ which for rotoid configurations can be considered as a small
eccentricity.15 For a value (38), we get
(b∗)2 =
[
(
√
|q|)∗
]2 [
1 + θ¯
1
(
√|q|)∗
(
s√|q|
)∗]
which allows us to compute the vertical coefficients of d–metric (37) (i.e h3
and h4 and corresponding polarizations η3 and η4) using formulas (36).
On should emphasize that nonholonomic deformations are not obligatory
related to noncommutative ones. For instance, in a particular case, we
can generate nonholonomic deformations of the Schwarzschild solution not
depending on θ¯ : we have to put θ¯ = 0 in the above formulas and consider
b2 = q and (b∗)2 =
[
(
√|q|)∗]2 . Such classes of black hole solutions are
analyzed in Ref. [27].
15From a formal point of view, we can summarize on all orders
(
θ¯
)2
,
(
θ¯
)3
... stating such
recurrent formulas for coefficients when get convergent series to some functions depending
both on spacetime coordinates and a parameter θ¯, see a detailed analysis in Ref. [18].
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Nonholonomic deformations to rotoid configurations can be generated
for
q = 1− 2µ(ξ, ϑ, ϕ)
r
and s =
q0(r)
4µ2
sin(ω0ϕ+ ϕ0), (39)
with µ(ξ, ϑ, ϕ) = µ0 + θ¯µ1(ξ, ϑ, ϕ) (locally anisotropically polarized mass)
with certain constants µ, ω0 and ϕ0 and arbitrary functions/polarizations
µ1(ξ, ϑ, ϕ) and q0(r) to be determined from some boundary conditions,
with θ¯ treated as the eccentricity of an ellipsoid.16 Such a noncommu-
tative nonholonomic configuration determines a small deformation of the
Schwarzschild spherical horizon into an ellipsoidal one (rotoid configuration
with eccentricity θ¯).
We provide the general solution for noncommutative ellipsoidal black
holes determined by nonholonomic h–components of metric and N–connection
coefficients which ”survive” in the limit θ¯ → 0, i.e. such values do not de-
pend on noncommutative parameter. Dependence on noncommutativity is
contained in v–components of metric. This class of stationary rotoid type
solutions is parametrized in the form
rot
θ g = −eψ (dξ ⊗ dξ + dϑ ⊗ dϑ)
−4
[
(
√
|q|)∗
]2 [
1 + θ¯
1
(
√|q|)∗
(
s√|q|
)∗]
δϕ⊗ δϕ
+
(
q + θ¯s
)
δt⊗ δt, (40)
δϕ = dϕ+ w1dξ + w2dϑ, δt = dt+
1n1dξ +
1n2dϑ,
with functions q(ξ, ϑ, ϕ) and s(ξ, ϑ, ϕ) given by formulas (39) and N–connec-
tion coefficients wi(ξ, ϑ, ϕ) and ni =
1ni(ξ, ϑ) subjected to conditions
w1w2
(
ln |w1
w2
|
)∗
= w•2 − w′1, w∗i 6= 0;
or w•2 − w′1 = 0, w∗i = 0; 1n′1(ξ, ϑ)− 1n•2(ξ, ϑ) = 0
and ψ(ξ, ϑ) being any function for which ψ•• + ψ′′ = 0.
For small eccentricities, a metric (40) defines stationary configurations
for the so–called black ellipsoid solutions (their stability and properties can
be analyzed following the methods elaborated in [39, 40, 17], see also a sum-
mary of results and generalizations for various types of locally anisotropic
16we can relate θ¯ to an eccentricity because the coefficient h4 = b
2 = η4(ξ, ϑ, ϕ, θ¯)
̟2(ξ) becomes zero for data (39) if r+ ≃ 2µ0/[1 + θ¯
q0(r)
4µ2
sin(ω0ϕ+ ϕ0)], which is the
”parametric” equation for an ellipse r+(ϕ) for any fixed values
q0(r)
4µ2
, ω0, ϕ0 and µ0
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gravity models in Ref. [6]). There is a substantial difference between so-
lutions provided in this section and similar black ellipsoid ones constructed
in [27]. In this work, such metrics transform into the usual Schwarzschild
one if the values eψ, wi,
1ni have the corresponding limits for θ¯ → 0, i.e.
for commutative configurations. For ellipsoidal configurations with generic
off–diagonal terms, an eccentricity ε may be non–trivial because of generic
nonholonomic constraints.
5.2 Rotoids and noncommutative solitonic distributions
There are static three dimensional solitonic distributions η(ξ, ϑ, ϕ, θ),
defined as solutions of a solitonic equation17
η•• + ǫ(η′ + 6η η∗ + η∗∗∗)∗ = 0, ǫ = ±1,
resulting in stationary black ellipsoid–solitonic noncommutative spacetimes
θV generated as further deformations of a metric rotθ g (40). Such metrics
are of type
rot
solθg = −eψ (dξ ⊗ dξ + dϑ⊗ dϑ) (41)
−4
[
(
√
|ηq|)∗
]2 [
1 + θ¯
1
(
√
|ηq|)∗
(
s√
|ηq|
)∗]
δϕ ⊗ δϕ
+η
(
q + θ¯s
)
δt⊗ δt,
δϕ = dϕ+w1dξ + w2dϑ, δt = dt+
1n1dξ +
1n2dϑ,
where the N–connection coefficients are taken the same as for (40).
For small values of θ¯, a possible spacetime noncommutativity determines
nonholonomic embedding of the Schwarzschild solution into a solitonic vac-
uum. In the limit of small polarizations, when |η| ∼ 1, it is preserved the
black hole character of metrics and the solitonic distribution can be con-
sidered as on a Schwarzschild background. It is also possible to take such
parameters of η when a black hole is nonholonomically placed on a ”gravi-
tational hill” defined by a soliton induced by spacetime noncommutativity.
A vacuum metric (41) can be generalized for (pseudo) Finsler spaces with
canonical d–connection as a solution of equations R̂αβ = 0 (13) if the metric
is generalized to a subclass of (35) with stationary coefficients subjected to
17a function η can be a solution of any three dimensional solitonic and/ or other non-
linear wave equations
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conditions
ψ••(ξ, ϑ, θ¯) + ψ
′′
(ξ, ϑ, θ¯) = 0;
h3 = ±e−2 0φ (h
∗
4)
2
h4
for given h4(ξ, ϑ, ϕ, θ¯), φ =
0φ = const;
wi = wi(ξ, ϑ, ϕ, θ¯) are any functions ;
ni =
1ni(ξ, ϑ, θ¯) +
2ni(ξ, ϑ, θ¯)
∫
(h∗4)
2 |h4|−5/2dv, n∗i 6= 0;
= 1ni(ξ, ϑ, θ¯), n
∗
i = 0,
for h4 = η(ξ, ϑ, ϕ, θ¯)
[
q(ξ, ϑ, ϕ) + θ¯s(ξ, ϑ, ϕ)
]
. In the limit θ¯ → 0, we get a
Schwarzschild configuration mapped nonholonomically on a N–anholonomic
(pseudo) Riemannian spacetime with a prescribed nontrivial N–connection
structure.
The above constructed classes of noncommutative and/or nonholonomic
black hole type solutions (40) and (41) are stationary. It is also possible to
generalize such constructions for nonholonomic propagation of black holes
in extra dimension and/or as Ricci flows, in our case induced by spacetime
noncommutativity is also possible. We have to apply the geometric methods
elaborated in Refs. [41, 20, 21, 22], see also reviews of results, with solutions
for the metric–affine gravity, noncommutative generalizations etc, in [19, 6].
5.3 Noncommutative gravity and (pseudo) Finsler variables
In Ref. [27], we formulated a procedure of nonholonomic transforms of
(pseudo) Finsler metrics into (pseudo) Riemannian ones, and inversely, and
further deformations of both types of such metrics to exact solutions of the
Einstein equations. In this section, we show that such constructions can
be performed for nontrivial noncommutative parameters θ which emphasize
that (in general, complex) Finsler geometries can be induced by spacetime
noncommutativity. For certain types of nonholonomic distributions, the
constructions provide certain models of stationary black hole solutions. Of
course, such geometric/physical models are equivalent if they are performed
for the same canonical d–connection and/or Levi–Civita connection.
We summarize the main steps of such noncommutative complex Finsler
– (pseudo) Riemannian transform:
1. Let us consider a solution for (non)holonomic noncommutative gener-
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alized Einstein gravity with a metric18
θg˚ = g˚idx
i ⊗ dxi + h˚a(dya + N˚aj dxj)⊗ (dya + N˚ai dxi)
= g˚ie
i ⊗ ei + h˚a˚ea ⊗ e˚a = g˚i′′j′′ei′′ ⊗ ej′′ + h˚a′′b′′˚ea′′ ⊗ e˚b′′
related to an arbitrary (pseudo) Riemannian metric with transforms
of type
θg˚α′′β′′ = e˚
α′
α′′ e˚
β′
β′′
θgα′β′ (42)
parametrized in the form
g˚i′′j′′ = gi′j ′˚e
i′
i′′˚e
j′
j′′+ha′b′˚e
a′
i′′˚e
b′
j′′ , h˚a′′b′′ = gi′j ′˚e
i′
a′′˚e
j′
b′′+ha′b′˚e
a′
a′′˚e
b′
b′′ .
For e˚i
′
i′′ = δ
i′
i′′ , e˚
a′
a′′ = δ
a′
a′′ , we write (42) as
g˚i′′ = gi′′ + ha′
(˚
ea
′
i′′
)2
, h˚a′′ = gi′
(˚
ei
′
a′′
)2
+ ha′′ ,
i.e. in a form of four equations for eight unknown variables e˚a
′
i′′ and
e˚i
′
a′′ , and
N˚a
′′
i′′ = e˚
i′
i′′ e˚
a′′
a′ N
a′
i′ = N
a′′
i′′ .
2. We choose on θV a fundamental Finsler function
F = 3F (xi, v, θ) + 4F (xi, y, θ)
inducing canonically a d–metric of type
θf = fidx
i ⊗ dxi + fa(dya + cNaj dxj)⊗ (dya + cNai dxi),
= fie
i ⊗ ei + fa cea ⊗ cea
determined by data θfαβ =
[
fi, fa,
cNaj
]
in a canonical N–elongated
base ceα = (dxi, cea = dya + cNai dx
i).
3. We define
gi′ = fi′
(
w˚i′
cwi′
)2 h3′
f3′
and gi′ = fi′
(
n˚i′
cni′
)2 h4′
f4′
.
Both formulas are compatible if w˚i′ and n˚i′ are constrained to satisfy
the conditions19
Θ1′ = Θ2′ = Θ,
18we shall omit the left label θ in this section if this will not result in ambiguities
19see details in [27]
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where Θi′ =
(
w˚i′
cwi′
)2 ( n˚i′
cni′
)2
, and Θ =
(
w˚1′
cw1′
)2 ( n˚1′
cn1′
)2
=(
w˚2′
cw2′
)2 ( n˚2′
cn2′
)2
. Using Θ, we compute
gi′ =
(
w˚i′
cwi′
)2 fi′
f3′
and h3′ = h4′Θ,
where (in this case) there is not summing on indices. So, we con-
structed the data gi′ , ha′ and wi′ , nj′ .
4. The values e˚a
′
i′′ and e˚
i′
a′′ are determined as any nontrivial solutions of
g˚i′′ = gi′′ + ha′
(˚
ea
′
i′′
)2
, h˚a′′ = gi′
(˚
ei
′
a′′
)2
+ ha′′ , N˚
a′′
i′′ = N
a′′
i′′ .
For instance, we can choose
e˚3
′
1′′ = ±
√
|(˚g1′′ − g1′′) /h3′ |, e˚3′2′′ = 0, e˚4
′
i′′ = 0
e˚1
′
a′′ = 0, e˚
2′
3′′ = 0, e˚
2′
4′′ = ±
√∣∣∣(˚h4′′ − h4′′) /g2′∣∣∣
and express
e1
′
1 = ±
√∣∣∣∣ f1g1′
∣∣∣∣, e2′2 = ±
√∣∣∣∣ f2g2′
∣∣∣∣, e3′3 = ±
√∣∣∣∣ f3h3′
∣∣∣∣, e4′4 = ±
√∣∣∣∣ f4h4′
∣∣∣∣.
Finally, in this seciton, we conclude that any model of noncommutative
nonhlonomic gravity with distributions of type (1) and/or (2) can be equiv-
alently re–formulated as a Finsler gravity induced by a generating function
of type F = 3F + 4F. In the limit θ → 0, for any solution θ˚g, there
is a scheme of two nonholonomic transforms which allows us to rewrite the
Schwarzschild solution and its noncommutative/nonholonomic deformations
as a Finsler metric θf .
6 Concluding Remarks
In this paper we have constructed new classes of exact solutions with
generic off–diagonal metrics depending on a noncommutative parameter θ.
In particular we have studied nonholonomic noncommutative deformations
of Schwarzschild metrics which can induced by effective energy–momentum
tensors/ effective cosmological constants and/or nonholonomic vacuum grav-
itational distributions. Such classes of solutions define complex Finsler
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spacetimes, induced parametrically from Einstein gravity, which can be
equivalently modeled as complex Riemannian manifolds enabled with non-
holonomic distributions. We provided a procedure of extracting stationary
black hole configurations with ellipsoidal symmetry and possible solitonic
deformations.
In the presence of noncommutativity the nonholonomic frame structure
and matter energy–momentum tensor have contributions from the noncom-
mutative parameter. The anholonomic deformation method of constructing
exact solutions in gravity allows us to define real (pseudo) Finsler config-
urations if we choose to work with the canonical distinguished connection.
Further restrictions on the metric and nonlinear connection coefficients can
be chosen in such a way that we can generate generic off–diagonal solutions
on general relativity.
Our geometric method allows us to consider immersing of different types
of (pseudo) Riemannian metrics, and/or exact solutions in Einstein gravity,
(’prime’ metrics) in noncommutative backgrounds which effectively polarize
the interaction constants, deforms nonholonomically the frame structure,
metrics and connections. The resulting ’target’ metrics are positively con-
structed to solve gravitational field equations but, in general, it is difficult
to understand what kind of physical importance they may have in mod-
ern gravity. We have chosen small rotoid and solitonic noncommutative
deformations because there are explicit proofs that they are stable under
perturbations and have much similarity with stationary black hole solutions
in general relativity [39, 40, 17].
In this work, we emphasized constructions when black hole configura-
tions are imbedded self–consistently into nonholonomic backgrounds induced
by noncommutativity. The main difference from similar ellipsoidal configu-
rations and rotoid black holes considered in Ref. [27] is that, in our case, the
eccentricity is just a dimensionless variant of noncommutative parameter (in
general, we can construct solutions with an infinite number of parameters of
different origins, see details in [18]). So, such types of stationary black hole
solutions are induced by noncommutative deformations with additional non-
holonomic constraints. They are different from all those outlined in review
[1] and Refs. [2, 5, 35, 36, 37, 38] (those classes of noncommutative solutions
can be extracted from more general nonholonomic ones, constructed in our
works, as certain holonomic configurations).
Finally, we emphasize that the provided noncommutative generalization
of the anholonomic frame method can be applied to various types of com-
mutative and noncommutative (in general, nonsymmetric) models of gauge
[8, 17] and string/brane gravity [26], Ricci flows [7, 20, 21, 22] and nonholo-
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nomic quantum deformations of Einstein gravity [23, 24, 25] as we empha-
sized in Refs. [6, 19, 9]). All parameters of classical and quantum deforma-
tions and/or of flow evolution, physical constants and coefficients of metrics
and connections, considered in those works, can be redefined to contain
effective noncommutative constants and polarizations.
Acknowledgement: S. V. is grateful to M. Anastasiei and G. Zet
for important discussions on nonholonomic geometry and noncommutative
gauge gravity and related exact solutions.
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